Distributions and Fourier Transform

This chapter includes the following sections:
Distributions.

Convolution.

Fourier transform of functions.

Extensions of the Fourier transform.

Fourier transform and ordinary differential equations.
Rescaled Fourier transform.

The Poisson summation formula.

The sampling theorem.
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The uncertainty principle.

Symbols. e indicates important results. * indicates complements.
[Ex| means that the proof is left as exercise. [] means that the proof is missing.

1 Distributions

The theory of distributions was introduced in the 1940s by Laurent Schwartz, who provided a
thorough functional formulation to previous ideas of Heaviside, Dirac and others, and forged a
powerful tool of calculus. Distributions also offer a solid basis for the construction of Sobolev
spaces, that had been introduced by Sobolev in the 1930s using the notion of weak derivative. These
spaces play a fundamental role in the modern analysis of linear and nonlinear partial differential
equations.

We shall denote by  a nonempty domain of RY. The notion of distribution rests upon the idea
of regarding any locally integrable function f : 2 — C as a continuous linear functional acting on
a topological vector space A(2) (which must be defined):

T (v) = /Q F@(@)de Yo e AQ). (1.1)

One is thus induced to consider all the functionals of the topological dual A'(Q2) of A(Q2). In
this way several classes of distributions are generated. The space A(€2) must be so large that the
functional Tt determines a unique f. On the other hand, the smaller is the space A(2), the larger
is its topological dual A’(Q2). It happens that there exists a very small space A(2), so that A'(2)
is very large (actually, this is the largest space used in analysis); the elements of this dual space
are what we shall name distributions.

In this section we outline some basic tenets of this theory, and provide some tools that we will
use ahead.

Test functions. Let Q be a domain of RY. Let us denote by D(2) the space of infinitely
differentiable functions 2 — C whose support is a compact subset of ). These are called test
functions.

By the theorem of analytic continuation, the null function is the only analytic function in D(€2),
since any element of this space vanishes in some open set. By a classical example of Cauchy, the
function

fx)y=e VP yx 0, f(0)=0



is infinitely differentiable but not analytic. It is then easy to check that the bell-shaped function

o) = {exp [(|3:|2 - 1)_1} if |x| <1, (1.2)

0 if || > 1

belongs to D(RY). By suitably translating p and by rescaling w.r.t. , nontrivial elements of D()
are easily constructed for any 2. In particular, for any open neighbourhood of any zy € €2 contains
the support of a bell-shaped functions.

For any K CC Q (i.e., any compact subset K of ), let us denote by D () the space of
the infinitely differentiable functions 2 — C whose support is contained in K. These are linear
subspaces of C>(Q), and D(Q) = UgccqPr(2). The space D(2) will be equipped with the
corresponding inductive-limit topology. Here we shall not study the subtle properties of this
topology: for our purposes, it will suffice to characterize the corresponding notions of bounded
subsets and of convergent sequences.

A subset B C D(Q) is bounded in the inductive topology iff it is contained and is bounded in
Dk () for some K CC Q. This means that

(i) there exists a K CC (2 that contains the support of all the functions of B, and
(ii) Supyep SUP,eq |D(x)| < +oo for any a € NV,
A sequence {u,} in D(£2) converges to u € D(Q2) in the inductive topology iff, for some K CC €,

Un,u € Dr(Q) Vn, D%u,, — D%u uniformly in K, Va € NV,

This means that
(i) there exists K CC 2 that contains the support of any w, and of u, and
(ii) supgeq | D (un — u)(z)| — 0 for any o € NV, [Ex]
For instance, if p is defined as in and {a,} is a sequence in RY, then the sequence {p(-—a,)}
is bounded in D(R) iff the sequence {a,} is bounded. Moreover p(- — a,) — p(- — a) in D(RY) iff
ap, — a. [Ex]

Distributions. All linear and continuous functionals D(£2) — C are called distributions; these
functionals form the (topological) dual space D'(2). For any T € D'(2) and any v € D(Q) we also
write (T, v) in place of T'(v).

e Theorem 1.1 (Characterization of distributions)

For any linear functional T : D(Q)) — C, the following properties are mutually equivalent:
(i) T is continuous, i.e., T € D'(Q);
(ii) T is sequentially continuous, i.e., T(v,) — 0 whenever v, — 0 in D(Q);

(iii)

VK cC Q,3m e N,3C > 0: Yv € D(Q),
supp(v) C K = |T(v)| < C|H|12<LX sup |[D%v|. [ (1.3)
al<m K

! This is the finest topology among those that make all injections Dx (Q) — D(Q) continuous. This topology
makes D(€2) a nonmetrizable locally convex Hausdorff space.
A set A C D(R) is open in this topology iff AN Dx () is open for any K CC Q.



If m = mr g is the smallest integer that fulfills this condition, one says that 1" has order m on
the compact set K.

* Proof. Obviously (i) entails (ii). Let us prove that (ii) entails (iii). By contradiction, let us
assume that

dK cC Q:Ym e N,Jvu,, € D () |T(vm)| > m max sup |[D%p,|.
lal<m K

(we have taken C' = m). Possibly dividing v, by T(vy,), we can assume that T'(v,,) = 1 for any
m. Hence supy |D%,,| < 1/m for any a € NV and any m > |a|. Thus v, — 0 in Dg(£2), whence
in D(R), although T'(v,,) does not vanish. This contradicts (ii).

Finally, (iii) entails (ii), since if v, — 0 then supg [D®v|. This simple argument can be extended
to nets, so that actually (iii) yields (i). O

Convergence of distributions. We equip the space D'(2) with the sequential weak star conver-
gence: for any sequence {T,,} and any T in D'(Q2),

T,—T inD(Q) & T,(v)—=T) YveD). (1.4)

This makes D'(£2) a nonmetrizable locally convex Hausdorff space. |]
We can then define a series of distributions as the limit of a partial sum of distributions.

Proposition 1.2 If T,, — T in D'(Q) and v, — v in D(Q), then T,,(v,) — T'(v). []

Examples of distributions. (i) For any measurable function f :  — C, the integral functional
Tr:v— / f(x)v(x)der (1.5)
Q

is a distribution iff f € L{ _(9). [Ex] E| The mapping f — Ty is injective, so that we can iden-
tify L .(€2) with a closed subspace of D'(£). These distributions are called regular; the other
distributions are called singular.

(ii) Let p be either a complex-valued Borel measure on €, or a positive measure on {2 that is
finite on any K CC Q. In either case the functional

Ty:v— /Qv(x) du(x) (1.6)

is a distribution, which is usually identified with w itself. In particular this applies to continuous
functions.

(iii) The function x +— 1/z is not locally integrable in R, and so it is not a distribution. Next we
show that, on the other hand, its principal value (p.v.),

(p.v. l,v) = lim v(z) dx Vv € D(R) (1.7)

T e—0 |z|>e T

2 LL,.(Q) is a Fréchet space.



is a distribution. For any v € D(R) and for any a > 0 such that supp(v) C [—a, a], by the oddness
of the function z — 1/x we have

1 _
v e=07 e<lz|<a x e<|z|<a T

0
</ v dr = 0 as the integrand is an odd function> (1.8)
e<|z|]<a T
= lim 71)(@ —(0) dx = / 71)(@ —v() dx.
=0T Jec|z|<a €T —a Z

This limit exists and is finite, since by the mean value theorem

’ [ e,
e<|z|<a z

By the characterization of Theorem we conclude that p.v. 1/z is a distribution.

Note that the principal value is different from other notions of (Remann-type) generalized integral.

(iv) For any y € Q (C N¥) the Dirac mass d, : v > v(y) is a distribution. [Ex] In particular
do € D/(RN).

(v) For any sequence {z,,} in €, the series of Dirac masses Y oo ; 0, /n? is a distribution. [Ex]

(vi) More generally, if u is a Radon measure (i.e. a Borel measure that is finite on compact subsets
of ), then v — [wvdu is a distribution.

(vii) The series T = > 77, 8, is a distribution of D’'(Q) iff any K CC  contains at most a
finite number of points of the sequence {z,}. [Ex] Indeed, if this condition is fulfilled, then for any
v € D(Q), T(v) is a finite sum; moreover, the condition is promptly checked. On the other
hand, if that condition fails, then there exists v € D(€2) such that v(x,,) = 1 for any n, so that T'(v)
diverges. So for instance (for N = 1)

< 2amlgx\v’\ Ve > 0.

i %671 ¢ D'(R), but i %571 e D'(R\ {0}), i(—m;an c D'(R).
n=1 n=1 n=1

Differentiation of distributions. We define the multiplication of a distribution by a C'"*°-function
and the differentiation E| of a distribution via transposition:

(fT,v) := (T, fv) VT € D'(Q),Vf € C®(Q),Vv € D(), (1.9)
(DT, ) := (=1)I°NT, D*) VT € D'(Q),Yv € D(), Vo € NV, (1.10)

_Via the characterization (1.3), it may be checked that DT isa distribution, and that the operator
D* is continuous in D’'(€2). [Ex] Indeed, defining my i as above,

myr,K = MTK, Mpap g < MK + |0 VK cc Q.

Thus any distribution has derivatives of any order. More specifically, for any f € C>(Q), the
operators T'— fT and D® are linear and continuous in D'(Q). [Ex]

3In this section we denote the distributional derivative by ﬁ(’; we denote the classical derivative, i.e. the pointwise
limit of the difference quotient, by D, whenever the latter exists.



The definition 1' is consistent with partial integration: for any f € L (Q) such that De fe

Llloc(ﬂ)7 indeed reads loc
/ (D f(x)v(x) de = (_1)|a\ / F(2) D% () dz o € D(Q).
fQ Q

(Here no boundary term occurs as the support of v is compact.) Similarly, multiplication of a
distribution by a C*-function is consistent with the multiplication of functions of L{. (), namely

Tgaf = (pr Vf € Llloc(Q)7v90 € COO(Q)

By (1.10) and as derivatives are associative and commute in D(2), the same applies to D'(Q2),
that is,

(D“ o DT = D*(D°T) / N
~ o~ ~ o~ VT € D'(Q),Va,p € N, (1.11)
Do DP°T = DT = DP o DT

The formula of differentiation of the product is extended as follows:

Di(fT) = (Dif)T + fD;T

(1.12)
VfeC®Q),VT € D(Q), fori=1,.,N;
in fact, for any v € D(Q),
(Di(fT),v) = ~{fT, Div) = ~(T. f Do) = (T, (D;f)v) — (T, Di(fv))
= ((Di /)T, v) + (DiT, fv) = (Dif)T + fDiT, v).
A recursive procedure then yields the extension of the classical Leibniz rule:
po(rm) = 3 (5 )0 n DT
hoa P (1.13)

Vf e C>®(Q),VT € D'(Q),Va € NV. [Ex]

The translation (for = RY), the conjugation and other linear operations on functions are also
easily extended to distributions via transposition. [Ex]
NOTE: Any derivative of distributions is the limit of the corresponding incremental ratios.

Comparison with classical derivatives. We just state two results that characterize the coinci-
dence between distributional and ordinary derivatives.

Theorem 1.3 Du-Bois Reymond] For any f € C%(Q) and any i € {1,...,N}, the two following
conditions are equivalent:

(i) Dif € C°(9),

(ii) f is classically differentiable w.r.t. x; at each point of Q, and D;f € C°(Q).

In either case Dif = D;f in Q. []

* that is, D, f is a regular distribution that can be identified with a function h € C°(Q) N L (Q). Using the
notation (|1.5)), this condition and the final assertion read D;Ty = Ty, and D;Ty = Tp, s in €, respectively.



The next theorem applies to Q := |a, b[. First we remind the reader that

a function f € Ll .(a,b) is absolutely continuous in ]a, b[ iff
B € Lhulad): f@) = f@)+ [ 9©ds Voo
y

This entails that f is continuous and f' = g a.e. in ]a,b[. (Here by f’ we denote the ordinary
derivative: f'(x) = limp_o[f(x + h) — f(x)]/h, whenever this limit exists and is finite.) Thus if
f € Li (a,b) is absolutely continuous, then it is everywhere continuous, a.e. differentiable (in the
classical sense), and f’ € Li (a,b).

The converse does not hold: f € Lloc(a b) need not be absolutely continuous, even if f is
everywhere continuous and a.e. differentiable, and f’ € Lloc(a, b); moreover in this case l~)l f need
not be a regular distribution. The classical Cantor function is a counterexample. [Ex] If we drop
the condition of continuity, a simpler counterexample is provided by the Heaviside function H:

H(z):=0 V<0 H(z):=1 Vz>0. (1.14)
Indeed DH = 0 a.e. in R, but of course H is not absolutely continuous. Note that DH = do since

(DH,v) /H ) Dv(x Dv( )dx = v(0) = (dp,v) Vv e D(R).

Theorem 1.4 For any f € L(a,b), the two followmg conditions are equivalent:
(i) Df € L*(a,b),
(ii) f is a.e. equal to an absolutely continuous function.

In either case Df = Df in Q. []

Thus, for complex functions of a single variable:
(i) f is of class C1iff f and Df are both continuous,
(ii) f is absolutely continuous iff f and D f are both locally integrable.

Henceforth all derivatives will be meant in the sense of distributions, if not otherwise stated. We

shall denote them by D%, dropping the tilde.

Examples. (i) Dlog|z| = 1/z (in R) in standard calculus, but not in the theory of distributions,
as 1/x is not locally integrable in any neighbourhood of z = 0, and thus it is not a distribution.
We claim that ]

Dlog|z| = pV.— in D'(R). (1.15)

Indeed, as the support of any v € D(R) is contained in some symmetric interval [—a, a, we have

(Dlog 2], v) = —{log |z],v) = — /R (log |z]) v/ (z) dx

= — lim (log |x]) v/ (x) dx
e=01 JR\[—c.e]

) 1

e—0t
<as/ (0 )dx—O and lim (log]e[) [o(¢) — v(~2)] = 0)
aah-ee] 2 0+
— lim Mdm L 1 v)
e—0t [—a,a]\[—¢,e] x i’



* (i) D[p.v.(1/z)] # —1/2% as the latter is no distribution. For any v € D(R) and any a > 0
such that supp(v) C [—a, a], we have

<D(p-Vé),v> = —<p.vé,v’> - _a U'(x);”'(@)dx
_ —/a [U($) - 'U(O) — xz;/(())]’ i :/a U(.T) - ’U(O) _ ZL‘UI(O) o (117)
r —a 33‘2 ’

(This equality is obtained by partial integration, as the boundary term vanishes.) The final inte-

grand equals v"(&;)/2, for some &, between 0 and x. Hence this distribution has order two. Notice

that this integral cannot be decomposed into a sum of integrals, not even using principal values.
** (iii) The even function

sin(1/]z|)
|z|

fz) =

is not locally (Lebesgue)-integrable in R; hence it cannot be identified with any distribution. On
the other hand, it is easily seen that the next two limits exist

fora.e. z € R (1.18)

g(z) := lim / f(t)ydt Yz >0, g(z) := lim / f(t)dt Vz <O. (1.19)
e—0+ e—0—
Let us also set g(0) = 0. Thus g(z fo t) dt, if this is understood as a generalized Riemann

integral. Moreover, g € L. (R) C D’ (R), so that Dg € D'(R); however, Dg cannot be identified
with f (¢ D'(R)). Actually, the distribution Dg is a regularization of the function f; namely, it is
a distribution T" whose restriction to R\ {0} coincides with f.

As g is odd and has a finite limit (denoted g(+00)) at +oo, for any v € D(R) and any a > 0 such
that supp(v) C [—a, a], still understanding integrals as generalized Riemann integrals,

b

(Dg,v) = —(g.v) = - lim _ bg(x)[v(fv) —v(0)]" dz

= lim / flx —v(0)]dz + lim [g(b) — g(=b)]v(0) (1.20)

b—~+o00 b——+o0
= /_ zf(z)v' (&) dz + 2g(400)v(0) Vv € D(R),

for a suitable mapping x — &,. If is v/(0) # 0 then the latter integral is a Lebesgue integral. This
completes our representation of Dg.

* (iv) The modifications of (iii) for the odd function f(x) = [sin(1/|z|)]/x are left to the reader.
|

* Problems of division. For any f € C®°(R") and S € D'(RY), let us consider the problem
find T € D'(RY) such that fT =S. (1.21)

(This is named a problem of division, since formally T" = S/f.) The general solution can be
represented as the sum of a particular solution of the nonhomogeneous equation and the general
solution of the homogeneous equation f7Ty = 0. The latter may depend on a number of arbitrary
constants.

If f does not vanish in RV, then 1/f € C(RYM) and (??) has one and only one solution:
T = (1/f)S. On the other hand, if f vanishes at some points of R, the solution is less obvious.
Let us see the case of N = 1, along the lines of [Gilardi: Analisi 3].



Proposition 1.5 For any T € D' and m € N,

m—1
z"T =0 = decg,....,c;m1€C:T = Z c, D" 6p. (1.22)

n=0

On the other hand, even the simple-looking equation ™71 = 1 is more demanding: notice that
=™ & D'(R) for any integer m > 1.

Support and order of distributions. For any open set  C Q and any T € D'(Q2), we define
the restriction of T" to €2, denoted T‘ﬁ, by

(T, v) = (T, v) Vv € D(Q) such that supp(v) C Q. (1.23)

Because of Theorem T|5 € D(Q).

A distribution 7' € D’(f) is said to vanish in an open subset € of € iff it vanishes on any function
of D(Q2) supported in Q. Notice that, for any triplet of Euclidean domains €, s, 3,

UCHLcQ = (Tlg)]g, =Tlg, YT eD () (1.24)

There exists then a (possibly empty) largest open set A C Q in which 7" vanishes. [Ex] Its comple-
ment in 2 is called the support of T, and will be denoted by supp(T).

For any K CC €, we defined mr i as the smallest integer m that fulfills the estimate , and
called it the order of T in K. Here we set mq := sup{mr x : K CC Q}, and call it the order of
T'; each distribution has thus either finite or infinite order. For instance,

(i) regular distributions and distributions associated to Radon measures (e.g., the Dirac mass)
are of order zero; [Ex]

(i) D%Jy is of order |a| for any o € NV;

(iii) p.v. (1/z) is of order one in D'(R). [Ex]

On the other hand, Y >7 | D", is of infinite order in D'(R).

For any open set £ C Q and any T € D(§2), the restriction T'|g is defined by transposing the

~

trivial extension D(2) — D(Q?) (that is, the extension with null value):

D) <T’§, 90>D(ﬁ) = D(Q) (T, SZ>D(§) Vo € D(Q).
It is easy to check that T'|g € D'(Q).
The next statement easily follows from (1.3]).

Remarks 1.6 (i) In general distributions cannot be extended to a larger open set: this may fail
even for regular distributions.

(ii) For any p, LP(€) can be trivially identified with LP(Q) whenever Q and € are open sets,
Q C Qand |2\ Q] = 0. The analogous identification fails for Ly (if p # 00), and a fortiori for

distributions: T' € D'(Q) entails T'|5 € D'(£2), but the converse fails, even for regular distributions.
Counterexamples are provided by &y and f(z) =22 in Q@ =R and in Q = R\ {0}. O

Theorem 1.7 Any compactly supported distribution is of finite order.

The next theorem is also relevant, and will be applied ahead.



Theorem 1.8 Any distribution whose support is the origin is a finite combination of derivatives
of the Dirac mass. []

Exercise. May any distribution of infinite order be approximated by a sequence of distributions
of finite order?

The space £(f2) and its dual. In his theory of distributions, Laurent Schwartz denoted by £(£2)
the space C*°(£2), equipped with the family of seminorms

V| Kk,a = sup |D%(z)| VK cc Q,Ya € NV,
zeK

This renders £(£2) a locally convex Frechet space, and induces the topology of uniform convergence
of all derivatives on any compact subset of €2: for any sequence {u,} in £(f2) and any u € &,

u, > u  in &) &

sup |D%(up —u)(z)] = 0 VK CCQ, VaeNV. (1.25)
zeK
Notice that
D(2) C £(2) with continuous and sequentially dense injection, (1.26)

namely, any element of £(£2) can be approximated by a sequence of D(§2). This can be checked via
multiplication by a suitable sequence of compactly supported smooth functions. [Ex] By (1.26]

E'(Q) c D'(Q) with continuous and sequentially dense injection, (1.27)

so that we can identify £'(2) with a closed subspace of D'(Q2).
As we did for D'(§2), we shall equip the space £'(§2) with the sequential weak star convergence:
for any sequence {T,,} and any T € £'(2),

T,—T in&(Q) < T,(v)—=Tw) Yve&). (1.28)

[This makes £'(£2) a nonmetrizable locally convex Hausdorff space.]
The sequential weak star convergence of £'() is strictly stronger than that induced by D/(Q):
for any sequence {7, } and T in £'(Q2) and any T € £'(Q),

T, T m&Q) 5 T,-T inD(Q).Ex (1.29)

If @ = R, the sequence {X[, 41} (the characteristic functions of the intervals [n,n + 1]) is a
counterexample to the converse implication:

Xinyn+1] — 0 in D'(RY) but not in &(RY).

Theorem 1.9 &'(Q) can be identified with the closed subspace of distributions having compact
support.



We just outline a part of the argument. Let T € D'(£2) have support K CC Q. For any v € £(Q),
multiplying it by xx and then convoluting with a regularizing kernel p (see ), one can construct
vo € D(Q) such that vy = v in K. [Ex] One may thus define T'(v) by setting T'(v) = T'(vp). It is
easily checked that this determines a unique Te¢& (©). Compactly supported distributions can
thus be identified with certain elements of £'(Q).

The proof of the surjectivity of the mapping T+ T is less straightforward, and is here omitted.

On the basis of the latter theorem, examples of elements of £'(Q2) are easily provided. E.g.:

(i) any compactly supported f € Li. . belongs to £'(Q),

(ii) Do D4, € £'(Q), for any finite families ay, ..., am € Q and aq, ..., oy, € NV,

(iii) T = Y00, n=2D¢,, € E'(Q), for any sequence {a,} contained in a compact subset of €2,
and any bounded sequence of multi-indices {a;, }. (If {a,} is not contained in a compact subset of
Q, then T € D'(Q).)

On the basis of the latter theorem, we can apply to £'(2) the operations that we defined for
distributions. It is straightforward to check that this space is continuously transformed to itself by
differentiation and by multiplication by a smooth function.

The space S of rapidly decreasing smooth functions. As we shall see, in order to extend
the Fourier transform to distributions, Laurent Schwartz introduced the space of (infinitely differ-
entiable) rapidly decreasing functions (at 00): |E|
S(RN) ::{v € C® :Va, e NV, D% e L‘X’}
={veC™ :Va e NV Vm e N, (1.30)
|z D% (z) — 0 as |z| — +o00}.

(It is easy to check that these two sets coincide.) [Ex] We shall write S in place of S(R"). This is a
locally convex Fréchet space equipped with either of the following equivalent families of seminorms

[

[0]a,s := sup [#7D%(x)|  a,5 €NV, (1.31)
T€RN
|Vlm,a = sup (14 |z[*)"|D%(z)]  meN,aeNV. (1.32)
z€RN

For instance, for any § € C™ such that 6(x)/|z|* — 400 as |z| — 400 for some a > 0, e %*) € S.
By the Leibniz rule, for any polynomials P and @, the operators

u+— P(x)Q(D)u, u— P(D)[Q(z)u] (1.33)
map S to S and are continuous. [Ex] It is easily checked that

D C S C€& with continuous and sequentially dense injections. (1.34)

The space S’ of tempered distributions. We shall denote the (topological) dual space of S by
S’. As S is a metric space, this is the space of the linear functionals 7' : § — C such that

{mm} S, v,—0 inS = (T,v,) —0. (1.35)

® Laurent Schwartz founded the theory of distributions upon the dual of three main function spaces: D(Q), £(f)
and S(RY). The two latter are Fréchet space, at variance with the first one and with the respective (topological)
duals. S(RY) is also called the Schwartz space.

10



The elements of this space are named tempered distributions: we shall see that actually S’ C D’
(up to identifications) with continuous injection. Here are some examples:

(i) any compactly supported T' € D'(Q),

(i) any f € LP with p € [1,+00] (since, by the Holder inequality, (1 + |z|)~%f € L' for any
a > 1/p/, p’ being the conjugate index of p),

(iii) any function f such that |f(z)| < C(1 + |z|)™ for some C > 0 and m € N,

(iv) f(x) = p(z)w(z), for any polynomial p and any w € L'. These are called slowly increasing
functions, and include polynomials and LP for any p € [1, +o0].

On the other hand L{,_ is not included in &'. E.g., el*l ¢ S’
One can show that S is the smallest subspace of that is stable under differentiation and multi-
plication by a polynomial.

Convergence in §’. As we did for D'(Q2) and £'(€2), we shall equip the space 8" with the sequential
weak star convergence: for any sequence {7, } in &’ and any T € &,

T,—-T inS & T,(v)—>Tw) YweS. (1.36)

[This makes 8" a nonmetrizable locally convex Hausdorff space.]
As D C 8’ ¢ D' and D is a sequentially dense subset of D', it follows that

S’ ¢ D' with continuous and sequentially dense injection; [Ex] (1.37)

namely, any element of D’ can be approximated by a sequence of §’. The sequential weak star
convergence of &’ is strictly stronger than that induced by D’: for any sequence {T},} in &’ and any
TeS,

7,7 s 5 7,7 inD[Ex (1.38)

In R, {e‘x|x[n7n+1]} is a counterexample to the converse implication:

€\$|X[n7n+1] -0 in D’ but not in S. (1.39)

On the other hand L[, _ is not included in &', not even for N = 1. E.g., eIl ¢ &
As § C &€ with sequentially dense inclusion, it follows that

&' c 8 with continuous and sequentially dense injection; [Ex] (1.40)

Because of , we can apply to 8’ the operations that we defined for distributions. It is
straightforward to check that this space is continuously transformed to itself by differentiation and
by multiplication by a smooth function.

For any a € NV the linear and continuous operators u — z%u and u — D% are extended from
S to &’ by transposition:

(zOT,v) := (T, 2%, (DT, v) := (=11, D)

1.41
Yo € S,VT € 8, Va € NV, (1.41)

These operators are linear and continuous in §’. The same then holds for the operators T' — P(z)T
and T — P(D)T, for any polynomial P of N variables.

11



For instance, for N = 1, the function x — sin(e”) is slowly increasing, hence tempered. Therefore
its derivative z — e” cos(e”) is also tempered, at variance with its absolute value.

L. Schwartz also introduced spaces of slowly increasing functions and rapidly decreasing distri-
butions. But we shall not delve on that.

1.1 Overview and Commentaries

Overview of distribution spaces. We introduced the spaces D(2),E(2), with (up to identifi-
cations)

D(R2) C £(2) with continuous and dense injection. (1.42)

For Q = RV (which is not displayed), we also defined S, for which
D cCS c& with continuous and dense injection. (1.43)

We equipped the respective dual spaces with the sequential weak star convergence. (1.42)) and
(1.43]) respectively yield

E'(Q) Cc D'(Q) with continuous and sequentially dense injection, (1.44)
and, for Q = RV,
&' c S8 c D' with continuous and sequentially dense injection. (1.45)
Moreover,
DcCTD, S C S, with continuous and sequentially dense injections. (1.46)

On the other hand, £ is not included in &’.
These density properties can be proved via regularization, by a procedure that we shall introduce
in the next section.

2 Convolution

Convolution of L'-functions. For any measurable functions f, g : RY — C, we call convolution
product (or just convolution) of f and g the function

(fxg)(z):= /f(x —y)g(y) dy for a.e. z € RY, (2.1)

whenever this integral (absolutely) converges for a.e. . (We write [ ...dy in place of [ ... [px ... dy1...dyn,
and henceforth omit to display the domain RY.) Note that

supp(f * g) C supp(f) +supp(g). [Ex] (2.2)

Henceforth, whenever A and B are two topological vector spaces of functions for which the
convolution makes sense, we set Ax B:={f*g: f € A, g € B}, and define A - B similarly.

12



Theorem 2.1 (i) L'« L' ¢ L', and
1f*gllp < [ fllzllgllze Vf.geL". (2.3)
(ZZ) Lloc * Ltltomp loc’ andﬂ

”f*gHLl(K < ||f||L1(K supp(g)) ||g||L1

N (2.4)
VK CcC R vf S L]o(;?vg € Lcomp
Moreover L(lzomp * Léomp - Léomp
(iii) For N =1, Ll (R*) = L{ (RT) C L] _(RT). |Z| For any f,g € L, (RT),

Y flx—y)g(y)dy  for a.e. x >0
(Fxg)la) = { Jo T = 9)9W) 2.5

0 for a.e. x <0,
1+ gllro,ary < 1 fllzro,an gl Lo, VM > 0. (2.6)

(iv) In each of these cases the convolution is commutative and associative, and the mapping

(u,v) = u*v is continuous (sequentially continuous if it involves the nonmetrizable space Lgomp).

Proof. (i) For any f,g € L', the function (R™V)? — C: (z,y) — f(2)g(y) is (absolutely) integrable,
and by changing integration variable we get

//f dzdy—/ flz —y)g(y) dy dz.

By Fubini’s theorem the function f*g:z — [ f(z —y)g(y) dy is then integrable. Moreover

|f * gl =/dx ‘/f(x—y)g(y) dy‘
< [[ V- wlstdyas = [ [ 15Glow)|dydz =171z gl

(ii) For any f € L and g € Lcomp, setting Sy := supp(g),

loc
(f*9)(x /fx— (y)dy for a.e. z € RY.
Moreover, for any K cC RY,

1 * gl < / If(w—)()Idyz/dyK!f(w—y)g(y)ld:r

g9

/ dy / )l dz < | fllresy ol
The proof of the inclusion L} « L} clL!

comp ¥ Lcomp comp 18 based on 1' and is left to the Reader.
(iii) Part (iii) can be proved by means of an argument similar to that of part (ii), which we also
leave to the reader. O

5By Lcomp we denote the space of the functions v € L' that have compact support. The support of a measurable
function v :  — R is the complement in §2 of the set of the points that have a neighborhood in which v vanishes a.e..

7 Any function or distribution defined on R* will be automatically extended to the whole R with value 0. In
Signal Analysis (also called Signal Processing in enginering), the functions of time that vanish for any ¢ < 0 are said
causal. One can also define the space D'(R™) of causal distributions, namely distributions with support in [0, +oo].
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Proposition 2.2 L', L(l:Omp and Llloc(R“‘), equipped with the convolution product, are commutative
algebras (without unit). E| In particular,

fxg=gxf, (fxg)xh=fx(gxh) ae inRY
V(£,9:h) € (L) U (Lo % Leomp X Leomp):

comp comp

(2.7)

(We may then write f % g * h without risk of ambiguity.)
If N =1, the same holds for any (f,g,h) € L _(RT)3, too.
The mapping (f,g,h) — f*gx*h is (sequentially) continuous for any choice of the above spaces.

Proof. For any (f,g,h) € (L')? and a.e. z € RY,

(F+9)@ = [ 1= oy = [ 1~ iz = (g5 Hla),
(F9) b)) = [I(F % 9 hlo — 2) = = [az] 1w)g(z — ) dy B —2)
—[[ st~ ~ ydedy = [ay 5(w) [ g®hta -0y d
— [l 1w = y)dy = 7 * (g < 1))@,

The cases of (f,g,h) € (Lig, X Léomp X Léomp) and (f, g, h) € L (RT)? are analogously checked.

loc

The rest of the proof is left to the reader. O
By means of these results is easily seen that (L', *) (here “” stands for the pointwise product) is
a commutative Banach algebra. The same clearly holds for (L>°,-), which also has the unit element

e=1.

Convolution of LP-functions. The following result generalizes Theorem P

8 * Let a linear space X over a field K (= C or R) be equipped with a product * : X x X — X. This is called an
algebra iff, for any u,v,z € X and any \ € K:

(i) ux(vxz)=(uxv)*z,

(i) (utv)*xz=uxz+v*xz, zx(u+v)=z*xu+z*v,

(iii) AMu *v) = (Au) xv = u* (\v).

The algebra is said commutative iff the product * is commutative.

X is called a Banach algebra iff it is both an algebra and a Banach space (over the same field), and, denoting
the norm by || - ||,

(iv) |lu*v|| < ||lu|l||v] for any u,v € X.

X is called a Banach algebra with unit iff

(v) there exists (a necessarily unique) e € X such that |le|| =1, and exu =u* e = u for any u € X.

For any N € N, the space of square matrices C¥*¥ equipped with the usual multiplication is a noncommutative
Banach algebra with unit. The same applies for the space of bounded complex-valued functions defined on any
nonempty set, equipped with pointwise multiplication.

9 This theorem may be compared with the following generalization of the Hélder inequality, which easily follows
from that inequality. If p, q,r € [1,400] are such that p~* 4+ ¢~ = r7', then

we L'(Q), fuolle < [ullvl,  Vue LP(Q), 0 € LYQ). (2.8)
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e Theorem 2.3 (Young) Let
p,q,7T € [1,400], p g t=1+r"1 (2.9)
Then: (i) LP x LY C L" and
If*gller <[l fllzellgllze  Vf € LP, Vg e LA (2.10)
(it) Lioe * Léomp C Liy and

1 * gllrey < NNl e —supp(a) 19 2a

o (2.11)
VK CCR Vf S L10C7Vg S Lcomp
Moreover, LEomp * Liomp C L omp-
(i) For N =1, L, (RT) = L] (R*) C L} (RT), and
% r <
I1f * gllzr 0,00y < I fllzr .00y 9 oo, (2.12)

VM > 0,Vf e L (RT),Vge LL (RT).

loc

The mapping (f,g) — f * g is thus continuous in each of these three cases.

* Proof. (i) If p = +o00, then by (2.8) ¢ = 1 and r = +o0, and (2.10) obviously holds; let us then
assume that p < 4+o0o. For any fixed f € LP, the generalized (integral) Minkowski inequality and
the Holder inequality respectively yield

179l = | [ e =090 dyH <Ifleslol  voer,

1 * gl = esssup
zERN

[ dy\ <flwrllgly  Vger”

(p~' + (p')~ = 1). Thus the mapping g — f x g is (linear and) continuous from L' to LP and from
LY to L. By the Riesz-Thorin Theorem (see below), this mapping is then continuous from L7 to
L" and inequality ([2.10)) holds, provided that

6 1-6 1 6 1-0

1
10 €10,1]: - =- , —=—-4+—-.
] H q 1+ p r p+ o0

As the latter equality yields = p/r, by the first one we get p~! + ¢~ 1 =141
(ii) For any f € L} and g € Liomp, setting Sy := supp(g),

loc

(f*g)( / flz— converges for a.e. x € RY.

If r = 400 then p = ¢ = 1, and we are in the situation of part (ii) of Theorem let us then
assume that r # +oo. For any K CcC RY, denoting by x K,g the characteristic function of K — S,

we have
1f * ol /\/ Fa— )g(y) dy
/\/XK,gf r — 4)g(y) dy

15
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As xkgf € LP, by part (i) the latter integral is finite.
(iii) Part (iii) can be proved by means of an argument similar to that of part (ii), that we leave
to the reader. O

* Lemma 2.4 (Riesz-Thorin’s) Let ,Q be nonempty open subsets of RN. For i = 1,2, let
iy @i € [1,+00] and assume that[!]

A LPY(Q) + L2 (Q) — L1(Q) + L= () (2.13)
s a linear operator such that
A LP(Q) — L%(Q) is continuous. (2.14)
Let 0 €10,1[, and p := p(0), q := q(0) be such that

1 0 1-06 1 0 1-6
b b1 b2 q q1 q2

Then A maps LP(Q) to LY(SY), is linear and continuous. Moreover, if My and My are two
constants such that

IASf | pai oy < Mill fll i @) VfeLli(Q) (i=1,2), (2.16)

then
IAf Loy < MM flloy  VfeELP(Q). (2.17)

By this result, we may regard LP()(Q) as an interpolate space between LP'(Q) and LP2(Q). (2.17)
is accordingly called the interpolation inequality.

Let us set
flx)=f(—z) Ve eRNVfelLl.. (2.18)

* Corollary 2.5 Let
D,q,s € [1,+00], pt4g st =2 (2.19)
Then

V(f,g,h) € LP x LT x L?,
(f+g)-h,g-(f*h), f-(g=h) €L, and (2.20)

/(f*g)-h—/ Fan)=[1-@

v(fyga ) (Lcomp X Li]oc X Liomp)

loc comp

The same holds also

(2.21)

HLPH(Q) 4 LP2(Q) and L (ﬁ)—f—Lq2 (?2) are topological linear spaces, that is, linear spaces equipped with a topology
for which the linear operations are continuous.
12 This theorem is actually a prototype of the theory of Banach spaces interpolation.
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(In the language of operator theory, fx is the adjoint of the operator fx.)

Proof. As r~! 457! =1 by (2.10) and (2.19)), the Hélder inequality yields the inclusions of ([2.20)).
[Ex] The first equality in (2.20)) follows from the computation

/(f * g)hdr = / (/f(x —1)9(y) dy)h(fﬂ) dx
= /g(y) (/ fly — )h(x) dx) dy = /g(f + h) dy;

As fxg = gx f, the second equality in ([2.20]) also holds. The assertions (2.21)) are similarly checked;
this is left to the reader. O

Remark 2.6 * Let f: RY xRN — C and g : RY — C be two measurable functions such that the
integral

I(x) = / F(,m)9(y) dy (2.22)

(absolutely) converges for a.e. x. This is sometimes referred to as a Volterra convolution, and
extends the ordinary convolution (2.1)), which is retrieved if the function u is of the form f(x,y) =

flz—y).
Some of the foregoing results can be extended to this more general set-up. Let us denote by
Ly°(L;) the space of functions f such that f(-,y) € L' for a.e. y, and the function y — || f(-,y)| 11

belongs to L. For instance, part (i) of Theorem is easily extended as follows:
[feawayeth  vieLphvger!

| [remaway

Several variants of this statement can be derived along the lines above, including an extension of
Young’s Theorem but we shall not delve on this. O

(2.23)

1 < llzgezry llglzr-

Convolution and translation. Let us next set 75, f(x) := f(x + h) for any f: RN — C and any
x,h € RV,

Let us denote by CO(RY) the space of continuous functions R — C; this is a Fréchet space
equipped with the family of sup-norms on the compact subsets of RY. Let us also denote by
CJ(RY) the closed subspace of CO(RY) of functions that vanish at infinity; this is a Banach space
equipped with the sup-norm. The space CJ(RY) is also a closed subspace of C2 (RY), which is
the Banach space of bounded uniformly continuous functions and is equipped with the sup-norm.

Lemma 2.7 As h — 0,

f — f in CO, Ve, (2.24)
wf—f in LP,Vf e LP, Vp € [1,4o0]. (2.25)

Proof. As any f € C? is locally uniformly continuous, 75, f — f uniformly in any K cc RY; (2.24)
thus holds. This yields (2.25)), as C? is dense in L for any p € [1, +o0]. O

By the next result, in the Young theorem the space L> can be replaced by L>® N C?, and in part
(i) also by L>* N CY.
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* Proposition 2.8 Let p,q € [1,+00] be such that p~' 4+ ¢~ = 1. Then:

f *g € CO v(fmg) € (Lp X Lq) U (L{)oc X Lgomp)v (226)
frgeC®  V(f,9)e Ll (RY)x LL (RT) ifN=1, (2.27)
(fxg)(x) =0 as |z] > +oo V(f,g) € LP x L1, Vp,q € [1,+0]. (2.28)

Proof. For instance, let p # +oo and (f, g) € LP x L?; the other cases may be dealt with analogously.
By Lemma

It +9) = (£ o)== | [ 1#@+h =) = £l = wlatw) o]

<\lmnf — fllzellgllLe = 0 as h — 0;

(2.29)

the function f % g can then be identified with a uniformly continuous function. is thus
established. can be similarly checked.

Let {fn} C Lfomp and {g,} C Léomp be such that f,, — f in LP and g, — ¢ in L. Hence f, * g,
has compact support, and f, * g, — f*g uniformly. This yields the final statement of the theorem.
O

(2.28) fails if either p or ¢ = +o0. E.g., for any u € L', ux 1 = [u(y) dy is constant.

Regularization by convolution. A function p : RY — R is called a mollifier (or a regularizing
kernel) iff

peC®MRY), p>0, plx)=0 if |z >1, /RN p(x)dr = 1. (2.30)

A standard construction provides an example. Let us set
exp [(|z]* — 1)_1] if |z] <1, v(x):=0 if [z] > 1,

v(z) :
v(x)

_ xT N
plx) = ——7~— pe(x) =€ N,o(—) Ve € R™, Ve > 0.
fRN v(y) dy : €

It is easily checked that p. is a mollifier for any € > 0.
For any u € L'(Q), let us denote by u € L'(RY) the extension of u with zero value on R \ Q.
For any € > 0, we then define the regularization R.u by

(2.31)

Rou(z) := (pe x u)(x) = / pe(z —y)u(y) dy Ve € RY. (2.32)
Q
Notice that, since p. * & = u * p,,
Rou(z) =N / p( Vit — ) dy = / p()ii(x — et) dt. (2.33)
RN S RN
The following theorem summarizes some properties of the operator R..

Proposition 2.9 Let w € L. and define R. as above. Then:

loc
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(i) For any e > 0, Rou € C®°(RY) and

D*Reu(z) = eVl /ﬂ (D) (F) Jutwydy == | (D) e —ey)dy (234)

for any x € RN and any o € NV,

(i) For any e > 0, the support of Reu is contained within the e-neighbourhood of the support of
u. (Mollification thus preserves the compactness of the support.)

(iii) For any v € CO(RN), R.v — v uniformly as & — 0.

Let us neat assume that Q0 is an open subset of RN, and u € LP(9).

(iv) For any p € [1,+oc] and u € LP(Q), Reu € LP(Q) and ||Reul| o) < l|lullpr(0)-
(v) For any p € [1,+00[ and u € LP(Q2), [|[Reu — ul|1p(q) — 0 as € — 0.

Proof. (i) All the derivatives of p are bounded, and

Df[pe(z —y)] =e VD [P(?)] =g N7ll(D2p) (u)

g

for all x € RN and all @ € NV, Next let us differentiate both sides of , and interchange
derivation and integration by Lebesgue’s theorem of dominated convergence This yields .
(ii) The stated property on the support of R.f stems from and ( -
(iii) Let v € CO(RYN). As ||pl| .2 @~y =1and p >0, for any x € RN and any € > 0

Rev(z) — v(z)| B2 / [ P =) o) dy

_/ ()0 — ey) — v(@)|dy < max |o(z) — v(a)|
B(0,1)

|z—z|<e

Therefore R.v — v uniformly as € — 0.
(iv) As [|pell 1 mry = 1, for any p € [1, +o0[ the Young Theorem yields

[Reullri) = llp= * UllLe) < llpellir@yy lallpe@yy = llullze )

If uw € L*>°(Q2) the same holds for p = oo, E
(v) Let p # oo. As CY(Q) is dense in LP(Q), for any u € LP(Q) and any 1 > 0, there exists
vy € CY(Q) with [|u — vy 1r(q) < 7. By using the linearity of R. and part (iii), we get

| Reu — ull Lo (o)
< |[|[Reu — Revyl| o) + [[Revy — vylle) + 1oy — ull e (2.35)
< [[Revy — vyl o) + 2

For 7 fixed, by part (iii) || Revy — vyl zr() — 0 as € — 0. Therefore limsup,_,q || R-u —ul|1r(q) < 27.
Since 1 > 0 was arbitrary, the assertion fOHOWb O

13 Here we apply the following result. If u €
and [julle < C.

q<p<+ooLp(Q) and C' = sup,_,. 1 o llullp < +o0, then u € L>(Q)
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* Convolution of distributions. The convolution between a distribution and a smooth function
RN — C is defined by extending (2.1)):

(T xv)(z) = (T,v(x —)) vz € RY, (2.36)

whenever T and v belong to two spaces in duality, like D' xD or £ x & or 8’ xS. By this formula
we mean that, defining the function v, : y — v(z — y) for any fixed z € RY, (T % v)(z) := (T, vs).
Bilinearity, separate (sequential) continuity and the support property can be routinely checked.

Next we deal with the convolution of two distributions, starting by regular distributions. By part

(ii) of Theorem
f *g € Llloc v(f? g) € (Llloc X Liomp) U (L%omp X Llloc)‘

For any ¢ € D, then

/(f *g)(z)p(z) dr = // f@—y)g(y)e(z) dedy = // f(2)g9(y)e(z +y) dzdy. (2.37)

By Fubini’s theorem, each of these double integrals equals each of the corresponding iterated
integrals. As L] _and Liomp are respectively dense in D" and &', one can then extend the convolution
to these spaces by continuity. More explicitly, for any (T, S) € (D'xE")U(E'XD’), we define TS € D’
by

(T % S,0) == (T, (Sy, p(x +1))) Ve €D, (2.38)

In (Sy, p(x + y)) the variable z is just a parameter. (If this pairing is reduced to an integration,
then y is the integration variable.) This definition is meaningful, since

(Sy,plx+y) €D  VYpeDVSeE,

, (2.39)
(Sy,p(x+y)) €€ Vo € D,VS € D'.[Ex]
Let us recall the definition (2.18), and define S for any distribution S by transposition:
(S,v) =(S,9)  VweD, (2.40)

extending the analogous definition for functions. By (2.38), we can then extend the statement
(12.20)):
(T+8S,p) =(T,S*¢) VpeDVT,S) e (DxE)U(E D). (2.41)

By approximating with regular distributions, it is not difficult to extend the properties that we
saw for the convolution of functions. More specifically, in (D' x E") U (£’ x D) the convolution is
symmetric, linear, separately (sequential) continuous and fulfills the support property .

On the other hand in general for (7',S) € D'xS8’, and a fortiori for (7,.5) € D' xD’, one cannot
define T x S; this may fail even for T, S € Li . Actually, one cannot write (7S, p(z + y)) in the
duality between D'(RYN xR™) and D(RYN xR™), since the support of the mapping (z,y) — o(z+y)
is compact only if ¢ = 0.

Anyway, analogously to what we saw for functions, in some cases the convolution of two distri-
butions can be defined also if both factors have noncompact support. In particular for N = 1 this
applies to causal distributions: for any T, S € D'(R") one can define T'x S € D'(R") as in (2.38).
As L] (RT) is dense in D'(RT), this can be justified by regularizing the distribution, then using
part (iii) of Theorem and finally passing to the limit.
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Theorem 2.10 (i)
ExEcé, D'(RT) «D'(RT) c D'(RTY, S'(RTY xS'(RT) c S'(RT). (2.42)

(ii) (&', %), (D'(RT),*) and (S'(RT),*) are associative and commutative algebras, with unit ele-
ment dg.
(i) Moreover,

D& cCD, §*x€cS, 8x8cénS, ExECE, (2.43)

and in each of these cases the convolution product is linear, symmetric and separately continuous.
(iv) Finally,

DT % 8)=(D*T)*S=TxD*S  Y(T,S) € (D'xEYU(E'xD'),Ya € NV, (2.44)
and the same holds for the pairs of parts (ii) and (iii). /]

Qutline of the proof. The argument uses transposition and the previous results of function convo-

lution. For instance, the inclusion D'« & C D’ is an extension of Ll % Ly, C Li,.. In order

to prove parts (i) and (ii), one can approximate the distributions by functions of Li, .,

convolution properties of functions, and then pass to the limit. Parts (iii) and (iv) can also be

use the

proved via approximation. O

The convolution provides a procedure for regularizing distributions. For any € > 0, let us define
a mollifier p. as in (2.31]), and set

ue(x) = u * pg Ve € RN, Ve > 0. (2.45)
By (2.44), then u. € C* for any € > 0, and u. — u in D’.

Remarks 2.11 (i) In &', in D'(RT) and in &’'(R") the convolution is associative. In general,
assuming that the convolutions (u * v) * w and wu * (v * w) are admissible, they coincide if at least
two distributions have compact support. Otherwise this equality may fail: for instance,

(1x80)«H=(1x8))*H=(1"%8)«H=(0x0p)*H=0xH =0,

, , , (2.46)
1x(0pxH)=1%(6o*H) =1 (6gxH') =1% (5o *dp) =1%p = 1.
(ii) The shift operator coincides with the convolution with the translated dg, that is,
The =dxd_, Ve OO VheRYN. (2.47)

In particular 0, * 6, = g4, for any a,b € RV,
(iii) By means of (2.44) we can represent any linear partial differential operator with constant
coefficients P(D) = 3_, <, @D as a convolution: as dy € &,

P(D)u = P(D)(ux*dy) = ux P(Ddy) Yu € D O (2.48)
The next result has important applications in the theory of filters.

* Theorem 2.12 If® : D — C™ is linear and continuous and if T,® = &7, for any h € RV, then
there exists one and only one u € D' such that ®(v) = uxv for any v € D. []
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3 The Fourier Transform in L!

Integral transforms. Next we outline some features that characterize a large number of integral
transforms. These are linear integral operators 7 that typically act on functions RV — C, and
have the form
(Tw)(€) = | K(&z)u(x)dz  VEeRY, (3.1)
RN
for a prescribed kernel K : R?M — C, and for any transformable function u. We postpone the
specification of regularity properties, and here briefly illustrate some of the main properties of
these transforms.
(i) Inversion. Under appropriate restrictions, there exists another kernel K : R?Y — C such that

. K(z,O)K(&,y)dE =6g(x —y)  Va,y € RV, (3.2)

Denoting by T the integral operator associated to K , we thus have TTu =TTu = u for any

transformable u, that is, T =71 (once the domains of these operators are suitably specified).
(ii) Commutation formula. Any integral transform is associated to a class of linear operators,

typically of differential type. For any such operator, L, there exists a function L= L(ﬁ) such that

TLu=L Tu (3.3)

for any transformable function w. That is, TLT ' =
For any prescribed transformable function f, the equation Lu = f is then transformed to the
algebraic equation

L(§)-u(e) = f(&)  VE(T:=Tu, f:=TF).

If L(£) # 0 for any &, then @ = f/L pointwise, whence u = 7 (f/L). This procedure is at the basis
of what is called symbolic (or operational) calculus.

An example: Fourier series. The operator that maps any locally integrable periodic function
u:R — C (e.g., of period 27) to the sequence of its Fourier coefficients

1

5 | f( Ye R dr  VkelZ (3.4)

CL =

is an integral transform, that here we denote by 7. Formally, the Fourier series

S(z) = cheikx VreR (3.5)
kezZ

is its inverse. This series is an integral w.r.t. the counting measure (the measure that associates
to any subset of Z the number of its elements). Several functional setups can be provided. As we
saw, the Hilbert formulation in L?(—n, ) is especially convenient.

For any 27-period function f, let us consider the differential equation

ZanD"u =f vVt € R (ag, ..., am € C) (3.6)
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Note that, under suitable assumptions of regularity,

D" = D" Z cpeth® = Z(ik)"ckem Vn € N. (3.7)
keZ keZ

Let us assume that the function f can also be represented as a Fourier series: f(z) =), beth®
for any x. Let us also define the characteristic polynomial P(s) = Y " ans™ for any € R. The
equation (3.6)) thus reads

> P(ik)cpe™™ = bre* Yz eR. (3.8)
keZ keZ

If P(ik) # 0 for any k € Z, then (3.8) is equivalent to
P(zk)ck = by that is, C = bk/P(Zk‘) Vk € 7. (3.9)

For instance, for the differential equation u — D?u = f the characteristic polynomial reads
P(ik) = 1+ k% As P(ik) = 1+ k? # 0 for any k € Z, (3.9)) defines the solution operator f + u.

The Fourier transform in L'. We shall systematically deal with spaces of functions RV — C,
and write L' in place of L'(RY), C° in place of C°(R"), and so on. For any u € L', we define the
Fourier transform (also called Fourier integral) u of u by

a(€) == (2m) N2 /R N e ETy(x)dr Ve e RV, (3.10)

here ¢ -z := Zf\; 16 This is a Lebesgue integral. The variable x may represent space or
(for N = 1) time. The dual variable £ is interpreted as the vector of frequencies (more precisely,
the frequency is /27, but we shall omit this distinction).

Different scalings may be used to define this transform. Some authors introduce a factor 27 in
the exponent under the integral, others amend the factor in front of the integral, and so on. All
these transforms are of the form u — A [,y e "B¢%u(z) dz, for some real constants A, B > 0. Each
of these definitions may simplify some formulas, but none is able to simplify all formulas. Our
choice is maybe the most frequently used in analysis.

In engineering applications one often uses u — [px e~2m8 2y (x) dr. For N = 1, in the latter case
£ represents frequency, namely the number of cycles in the unit time. In & represents angular
frequency (also called radian frequency), namely the angle in the unit time. Here we shall use the
term frequency in all cases.

Proposition 3.1 The formula defines a linear and continuous operator

F:L' = C)uwa;

3.11
[l < 27) N2|full Vue L. (3.11)

14 We denote the multiple integral of a function f : RY — C by f]RN f(z)dz or just [ f(z)dz. Alternative notations

are e.g. [[on f(x)dx or [[on f(x)dr:..dey. _
!5 This integral thus converges absolutely, and also coincides with its principle value: fRN e ty(x)de =

lima oo f]_A,A[N e~ Ty (x) da.
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(By CP we denote the Banach space C° N L, equipped with the sup-norm.)

Thus @, — 4 uniformly in RY whenever u,, — u in L'. In passing notice that, for any u € L',
(denoting by H the Heaviside function)

(0) = (2m) N2 / (@) dz = 2m) N2 Tim (ux H)(2),

uz0 = |l < (2m) Y |lulp =a(0) < |[allc.

Apparently, no simple condition characterizes the image set F(L').
Remark 3.2 For any u € L', (3.10) also reads
() = (2m) N2 / cos(&-a)u(x) de — i(2x) N> / sin(€-2)u(z) d (3.12)
RN RN

for any ¢ € RY. Defining what are called cosine transform and sine transform respectively by

Cu(§) = (2/7T)N/2/ cos(&-x)u(z) dx ve e RY vu e L, (3.13)
RN
Su(€) = (2/m) N2 / sin(e-2)u(x)de Ve e RN, Vue L, (3.14)
RN
we thus have
i=C,—iS, YuelL (3.15)

Therefore, for any u € L',

uiseven < S,=0 <& U€)=Cu(€) VEeRY, (3.16)
wisodd < C,=0 <& U€)=—-iS,(¢) VeEeRN. (3.17)

The functions C,, and S, are real valued iff u(z) € R for any z. Above the Fourier series of
periodic functions were similarly decomposed into the sum of a cosine series and a sine series. O

The following formulas mimic those we derived for the Fourier series, and have the same basis:
the properties of the exponential functiona = — e %%,

16 For any &€ € RY, let us set eg(z) := e for all z € RY. These functions map the additive group (R™,+) to
the multiplicative group (C,-), and are called characters. Their properties are the basis of those of Fourier series and
Fourier transform.
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Proposition 3.3 For any u € L', E
v(z)=u(z—y) = V() =eVa) vyeRY,
v(z) =" Mu(z) = ) =ul¢—-n  vneRY,
x

v(z) =u(z) = V() =u(=f),

wisreal = u(—=&) =u(é),

—

|

o

|

)

oS

)

~—
/-\/-\/\/\a/\/-\/-\/-\

B

\]
P N N W e N

w is imaginary = U
u is even = U is even, 3.23
uis odd = 7 is odd, 3.24
uw s radial = U is radial, 3.25
v(z) = u(A7'2) = B(E) = |det A|TU(A*€) VA€ RN det A # 0. 3.26

[Ex]

Remark 3.4 and establish a duality between the operations of shift and modulation
(namely, multiplication by an oscillating function):
(i) if the argument of the input function is shifted, then the transformed function is modulated;
(ii) conversely, if the input function is modulated, then the transformed function is shifted.
Defining the translation and modulation operators

(Tyu)(x) = u(z —y), (Myu)(x) = e Yu(z) Yo,y € RN Vu e L, (3.27)
(B18) and (3.19) read

—

Tyu=M_yi, Mu=T,a VYyecRY vuelL (3.28)
This entails
T,Myu=M_,T,a,  M,T,u=T,M i VyneR¥ vueclL'. O (3.29)

Henceforth by D (or D; or D) we shall denote the operation of derivation in the sense of
distributions.

Lemma 3.5 Let j € {1,...,N}. If ¢, Do € L' then [pn Djo(x)dx = 0.
Proof. Let us recall the definition ([1.2)) of the bell-shaped function p, and set
On () := p(z/n) Vz € RY,vn e N. (3.30)

As each function 6, has compact support, by partial integration
1
| [ Die@Nou@rde| = | [ el@)Dytula)da] < Lol - 1Dspl =0
RN RN n
as n — o0o. Since 0,(x) — 1 pointwise in RY | by dominated convergence H we then conclude that

Djp(x)dx = lim [Djp(2)]0n(z) dz = 0.

RN n—oo RN

In passing note that shift and modulation operators are isometries in L for any p € [1,+o0]. O

17 For any A € RN2, we set (A%);; := Aj; for any 4,j. For any z € C, we denote its complex conjugate by z. We
say that u is radial iff u(Az) = u(x) for any = and any orthonormal matrix A € RV’ (i.e., with A* = A™1).
18 We shall often apply this theorem to justify loose calculations via regularization.

25



e Theorem 3.6 (Differentiation formulas) For any m € N,

Due L' Vja|<m = (i)*0 = (D%) e C) V|a| <m, (3.31)
zue L' Yjo|<m = Dgu=|[(—iz)* €Cy Vo] <m. (3.32)
Proof. In both cases it suffices to prove the equality for any first-order derivative; the general case

then follows by induction.
(i) Let us fix any j € {1,...,N}. As

Djle™®%u(z)] = —i¢je " u(x) + e T Dju(x) Vo € RY,

the integrability of u and Dju entails that D;[e”%%u(z)] € L'. It then suffices to integrate the
latter equality over R, and to notice that Jen Dj [e=¥%%y(z)]dz = 0 by Lemma Finally

(DSu) € CP, by Proposition
(ii) Let us denote by e; the unit vector in the jth direction. By applying the classical formula

€ — sins with s = ta;/2, we have
u(€ +tej) —u(€) e~ ittej)x _ =il
; = - ; u(z) dx
_ —Z/ e—i(§~l‘+t$‘j/2) wu(x) dx.
- t/2

Passing to the limit as ¢ — 0, by the dominated convergence theorem we then get

u(& + tej) — u(€) R
t

By Proposition this is an element of CI?. O

—i/ e T iu(x) de = —i(zju)(€) VE.
RN

* Remarks 3.7 (i) One can transform differential operators with constant coefficients of any inte-
ger order m. For any family {c, : |o| < m} C C, let us define the operator P(D) := 7, <,, ca D
By (3.31)) and ([3.32]),

F(P(D)) = [P(i§)F(u)]  VueS. (3.33)
(ii) Defining the multiplicative operators
(Xu)(z) = izu(zx), (Zu) (&) = icu(f),  Va, & e RN Vue LY (3.34)
and respectively read
u,Ddue ! = E=(D%)eCy, (3.35)
w,z®u€ L' = Dgu=[(—X)"| €Cy. (3.36)

This shows that the Fourier transform establishes a duality between differentiation and the above
multiplicative operators.

(iii) Differentiation w.r.t. either z or £ and the multiplicative operators = and X are the generators
respectively of the shift and modulation semigroups. This duality is then at the basis of the duality
between those semigroups, that we pointed out in Remark and conversely.

(iv) Because of , differential operators amplify high frequency components and attenuate
low frequency ones. The inverse operation of integration therefore attenuates high frequencies and
amplifies low frequencies. O
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e Corollary 3.8 (Smoothness vs. decay principle) Let m € Ny.
(i) If DSu € L* for any o € N) with |a| < m, then (1 + |€])™u(€) € CY.
(ii) If (1 + |z)™u € L', then @ € C™ and D*u € Cp for any a with || < m. [Ex]

Remark 3.9 This result entails that
(i) the more u is regular, the faster |u| decays at infinity, and conversely;
(ii) the faster |u| decays at infinity, the more u is regular, and conversely. O

Examples. (i) For N =1, H
w=xay = (€)= V2 rlsin(Ag]/E Ve RN, (3.37)
(ii) We claim that for any a > 0

u(z) = exp(—alz|?) vreRY =

(3.38)
U(€) = (20) VP exp(—[¢[*/(4a)) VRN
Let us first prove this statement for a = 1/2 and N = 1. As D,u = —xu for any x € RV,
oy B3 — — B3 .
i€u(§) =" Dyu(§) = —zu(§) =" —iDeu(§),
that is, D¢t = —&u for any € € RY. The functions u and 4 thus solve the same first-order

differential equation. On the other hand, by the classical Poisson formula fR exp(—y?) dy = /T,

u(0) = (277)_1/2/ e 2 dy = 1.
R
As u(0) = 1, we see that u solves the same Cauchy problem as u. Therefore for N =1
u(r) = exp(—2?/2) Yz eR = wU(¢) =exp(—£2/2) VEER. (3.39)

For N > 1 and still for a = 1/2, u(z) = exp(—|z|?/2) = vazl exp(—x5/2). Therefore
u(g) = (27T)N/2/ei£'xe|z|2/2 dr = (27r)N/Q/.../ezy—l(_igﬂj+$§/2) dry...dry
N
H{ (27) 1/2/ —igjz; ,—~a2/2 g } G39 H _ P2 ye e RN

This concludes the proof of (6.25) for a = 1/2. (6.25]) then follows from (3.26)).

The next theorem mimics a property that we saw for Fourier series (the same applies to several
other results of Fourier theory).

Theorem 3.10 (Riemann-Lebesgue) For any u € L', @ is uniformly continuous in RY, and
u(§) — 0 as || — +oo.

19 The cardinal sinus function sincv := sin(mv)/mv for any v € R plays an important role in Signal Analysis, as
we shall see.
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Proof. For any u € L', there exists a sequence {u,} in D such that u, — u in L. By part (i) of
Corollary for any n then u,(§) — 0 as || — +oo. The same holds also for u, since u, — u
uniformly in RV by Proposition As 1 is continuous, it is then uniformly continuous. O

Remarks 3.11 (i) This theorem entails that, for any interval |a, b|C R,
b .
/ e u(z)dxr — 0 as n — o0, Yu € L'(a,b). (3.40)

This is easily checked by extending u to R with vanishing value outside the intervalla,b[, and
noticing that this integral is proportional to @(—n). By the Riemann-Lebesgue Theorem then
u(—n) — 0 as n — oo. Thus e — 0 weakly star in L>(a, b), and of course the same holds for the
real and imaginary parts of €'*: cos(nz) — 0, sin(nz) — 0 weakly star in L°°(a, b).

(ii) For any T > 0, any u € L'(0,7T) can be developed in Fourier series:

u(x) = Z ckeu”k"’”/T for a.e. x € 0,77,

hez (3.41)

I :
ck = / w(z)e 2™/ T dy Vk € Z.
T Jo
By the Riemann-Lebesgue Theorem, ¢ — 0 as k — +o0. O
The space L' can be identified with a normed subspace of the dual space of Cf via the duality

pairing (u,v) fRN uvdzr. As by Proposition F a linear and continuous operator L' — Cl?,
one can define the formal adjoint F7 : L' — L* by the formula

F(u)vdr = / uF7(v)dz Yu,v € L. (3.42)

RN RN

e Theorem 3.12 (Parseval) The formal adjoint of F coincides with F itself, E that is,
/ ﬂvdx:/ uvdr Yu,v € L. (3.43)
RN RN
Proof. By the theorems of Tonelli and Fubini, for any u,v € L'

[y = o [ v deds= [ utit) dye

e Theorem 3.13 (First convolution formula) H

uxv e L',  and uwrv = (20)N?00 Yu,v € L. (3.44)

20 Here is an alternative argument. By direct evaluation of the integral one can check that the assertion holds for
the characteristic function of any N-dimensional interval [a1,b1] X - - X [an, bn]. It then suffices to approximate u in
L! by a sequence of finite linear combinations of characteristic functions of N-dimensional intervals.

21 One cannot say that F is self-adjoint, since this terminology is used just for Hilbert spaces.

22 A second convolution formula reads wo = (27) /2T %, but it requires rather restrictive assumptions for
F : L' — CP. Dealing with the extensions of the Fourier transform, we shall meet a set-up in which this second

formula holds without restrictions.
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Proof. By the change of integration variable z =  — y, for any u,v € L',

wile) = (2m 2 [[ o — gty dady
— (27) /2 e % (2) dz e Yy
(2r) /R <>d/RN Vo(y) dy
— 2o2aE)aE). o

Next we present the inversion formula for the Fourier transform. First, we introduce what is
called the conjugate Fourier transform: H

F(v)(z) := (2m)~N/? /R N eCTy(e)de Yo e L', Vx e RY. (3.45)

This operator differs from F just in the sign of the imaginary unit. Obviously, Fv = Fo for any
v E L1 H Clearly the properties of F mimic those of F, up to a change in the sign of the imaginary
unit 7. For instance,

w,Ddu e L' = (i6)*U=(—D%) e CP, (3.46)
wz®ue L' = D= |(iz)"] €Cy (3.47)

can be compared with (3.31) and (3.32).

Theorem 3.14 (Inversion) For any u € L' NCY, if F(u) € L' then
u(z) = F[F(w)](x) = F[F(uw)](z) vz € RY. (3.48)

Proof. Let us set v(x) := exp(—|z|?/2) for any x € RN, As F(u) € L', by the Tonelli and Fubini
theorems we have

| a@u©esas = a7 [[ - aeieneee dy g
RN RN xRN

= / u(y)o(y —x)dy = / u(z + 2)0(z) dz vz € RY.
RN

RN

Let us now replace v(€) by v.(§) := v(gf), for any e > 0. By (6.25)), 0:(2) = e No(e712); by a
further change of variable of integration, we then get

/ a(&)v(ef)e ™ d¢ = u(z + ey)v(y) dy vz € RV,
RN

RN

As u and v are continuous and bounded, by the dominated convergence theorem we can pass to
the limit under integral as € — 0, obtaining

o(0) /R ()" de = u(z) /[R ly)dy. (3.49)

23 By this definition, in general the _conjugate Fourier transform of a function is not the conjugate of the Fourier
transform of that function. Actually, F(v) = F(v) only if v is real-valued.
24 By z we denote the complex conjugate of any z € C.
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On the other hand, by (6.25)
N
[ wdy= [ exp-li?/2)dy = ( [ e ds) — (2m)N2,
RN RN R

As v(0) = 1, 1' then yields [pn U(£)e®*d¢ = u(x), that is, FIF(u)] = u. The proof of
F[F(u)] = u is similar. O

Remarks 3.15 (i) By a more refined argument one might show that holds under the only
hypotheses that u,u € L', see Rudin [Rul 186]. (Of course, a posteriori one then gets that
u,u € Cp.)

(ii) By Theorem F(u) = 0 only if u = 0; hence the Fourier transform L' — C} is injective.
Under the assumptions of this theorem, we also have

)

() =a(—z) VzeRN. (3.50)

(iii) However the formula (3.48]) does not yield an authentic inversion theorem, since we have not
characterized the image set F(L%). O

* The Fourier-Laplace transform. Under suitable assumptions, Fourier transformed functions
can be extended to holomorphic functions of several complex variables: CN — C, that is, functions
that are separately holomorphic with respect to each variable. We denote the space of these
functions by C*(CY). This extended operator is called Fourier-Laplace transform, for reasons that
will be clear after introducing the Laplace transform in the next chapter.

For any z € CV, let us set |z| = (Zf\il \ziP)l/Q, Im(z) = (Im(21), ..., Im(zy)) € RY, and define
Re(z) € RY similarly (thus |z|? # z-2). By B(0, R) we still denote the ball of RV with center the
origin and radius R.

Theorem 3.16 (Holomorphy) If u € L' and eM*lu € L' for some A\ > 0, then F(u) can be
extended to a (necessarily unique) holomorphic function U : (R x iB(0,\))¥ — C:

U(z) = (2m) /2 /RN ey (x) da Vz € RY; (3.51)

Proof. Here we assume that N = 1; however the argument is easily extended to any N. Setting

M (z) := sup {|x|e|z‘[’\+lm(z)}} (< +00) Vz € R x iB(0,)), (3.52)
r€R

and applying the mean value theorem to the complex function h + (e="* — 1) /h, we have

e—i(z+h)'z _ e lzw ’ i e—thz _q ‘
=le — | = s
h h (3.53)
< elm@Elel | sup et MMzl < pr(z)eAel Vz e RxiB(0,\). [Ex]
te€[0,1]
By dominated convergence, for any z € R x ¢B(0, ) one then has
—i(z+h)x _ —izx
@(z) = lim (21) /2 / ¢ ©  u(x)dx
C2h—0 h (3.54)

= —(2W)N/2ix/eiz'xu(x) dz. O
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Remarks 3.17 (i) As we already remarked, the support of any holomorphic function different
from the null function coincides with the whole R.

(ii) Theorem and other results also hold for the Fourier-Laplace transform % in its domain of
holomorphy, A. In particular, by analytic extension one gets

u,Douc L' = (i2)*u(z) = (D%u)(z) Vz € A, (3.55)
w,zue L' =  DXU(z) = [(—iz)*] (z) Vze A O (3.56)

Next we assume that the support of u is bounded, and provide an estimate on the growth at
infinity of u and of its derivatives.

Proposition 3.18 Ifu € L' and suppu C B(0, R) for some R > 0, then F(u) can be extended to
a (necessarily unique) holomorphic function @ : CN — C such that

|D%%(2)| < (2m) " N2RIEIEN )0 Vze CN,Va e NV, (3.57)

Proof. By Theorem u can be extended to a unique holomorphic function (which we still
denote by ) defined on the whole CV. By (3.56),

|D%u(z)| = (271')7N/2‘ /(—ix)aeiz'zu(x) dx

<02 [ (i)l fula) | do (5.58
B(0,R)
< (2m) NP2RIM MG 1y VeV, O

Next we state a deeper classical result, which provides a necessary and sufficient condition for
existence of the holomorphic extension.

Theorem 3.19 (Paley-Wiener) Let u € L' and R > 0. Then the following two conditions are

equivalent:
(i) u € C"X’(RN) and suppu C B(0, R);
(i4) F(u) can be extended to a (necessarily unique) holomorphic function i : CV — C such that

Rl Tm(2)|

vmeN,3C >0:VzeCV  Ju(z)| <C

<Oy (3.59)

(The constant C' may depend on u and m.)
Proof of “(i) = (ii)”. By condition (i), for any a € NV, u, DSu € L'. By (3.55), then

|2%|u(z)] = (27r)7N/2’ /B(O o e FTD%(z) da| < (2m) "N 2eBImEN D[4 vz e CN.

Therefore, for any m € N there exists a constant C' > 0 (which will depend on u and m) such that
[a(z)| < CefIMmEN (1 4 z)™ vzecN.O

Remark 3.20 Let us consider the Gaussian function u(z) = exp(—alz|?) for € RY, and recall
that u(€) is also a Gaussian, see (6.25). By Theorem u can be extended to a holomorphic
function CN — C, but by the Paley-Wiener Theorem the extension does not fulfill the estimate
(3.59). (Notice that 7(z) is obtained from (&) replacing |£|? by z-z, not by |z|?> = z-2.) O
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3.1 Overview and Commentaries

The Fourier transform in L'. We defined the classic Fourier transform F : L' — C? and
derived its basic properties. In particular, under suitable restrictions, we saw the following. Some
of these restrictions will be removed in the extensions that we introduce in the next section.

(i) Differentiation formulas. F transforms partial derivatives to multiplication by powers of
the independent variable (up to a multiplicative constant) and conversely. This is at the basis of
the application of the Fourier transform to the study of linear partial differential equations with
constant coefficients, that we shall outline ahead.

(i1) Smoothness vs. decay principle. F establishes a correspondence between the regularity of
u and the order of decay of u at oo, and conversely between the order of decay of u at co and
the regularity of . @ If u decays exponentially then the Fourier transform can be extended
to an entire holomorphic function CV — C. Further asymptotic information is provided by the
Riemann-Lebesgue theorem.

(iii) Parseval’s theorem. The formal adjoint of F coincides with F.

(iv) Conwvolution formula. F transforms the convolution of two functions to the product of
their transforms, up to a multiplicative constant.

(v) Inversion. Under suitable regularity assumptions, the conjugate Fourier transform plays
the role of inverse of Fourier transform. However, it does not seem easy to determine the image set
F(LY ccy.

The properties of the conjugate transform are analogous to those of the transform, because of
the similarity between the two definitions.

The inversion formula also provides an interpretation of the Fourier transform. (3.48)
represents u as a weighted average of the harmonic components x — €% (plane waves). [*°| For
any £ € RN, 1(€) is the amplitude of the component having vector frequency & (that is, frequency &
in each direction ;). E| Therefore any function which fulfills can equivalently be represented
by specifying either the value u(z) at a.e. points z € RY, or the amplitude @(¢) for a.e. frequencies
£ eRVN,

The analogy between the Fourier transform and the Fourier series is obvious, and will be briefly
discussed at the end of the next section.

However, the Fourier transform cannot be interpreted as a spectral decomposition in the Hilbert
space L? in the customary sense, at variance with the Fourier series. Indeed the functions e¢(z) :=
—i€-x

e do not form an orthogonal family; actually, they are not even elements of L?. (They are

elements of L? and of S, but these are not Hilbert space.)

Symmetries of the Fourier transform. (i) The transform of the shift is the modulation of the

transform, and dually the transform of the modulation is the shift of the transform; see .
(ii) The transform of the derivative is the transform of the original function multiplied by the

variable, and dually the transform of the function multiplied by the variable is the derivative of the

transform (changed of sign); see (3.31)), (3.32]).

25 The Reader will notice that this principle establishes a strict relation between the qualitative property of
smoothness and the quantitive property property of decay at infinity.

26 This is especially clear in L?. However these functions do not form an orthogonal basis, for the simple reason
that they are not elements of that space.

27 It is usual to use the term frequency, but £ is rather the pulsation or angular frequency (expressed in radians).
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(iii) The more the function is regular, the faster the transform decays at infinity; and dually the
faster the function decays at infinity, the more the transform is regular; see Remark

(iv) The transform coincides with its formal adjoint, see Parseval Theorem

(v) The transform of a convolution coincides with the pointwise product of the transforms; see
(13.44).

(vi) The conjugate transform is the inverse of the transform, under suitable restrictions; see the
Inversion Theorem [3.14

(vii) The transform F and the conjugate transform F fulfills analogous properties, just with —i
in place of 1.

4 Extensions of the Fourier Transform

Fourier transform of measures. The Fourier transform can be extended to any finite complex
Borel measure x4 on RY. This is a o-additive measure defined on the o-algebra B of Borel subsets
of RY, having finite total mass sup 4¢p |1(4)].

The Fourier transform can be defined on L'(R¥, 1), the space of complex functions that are
p-integrable in the sense of Lebesgue. Formally, this simply corresponds to replacing f(z) dx by
dp(z) in (3.10)). This is called the Fourier-Stieltjes transform.

Most of the previously established properties hold also in this more general set-up. For instance,
transformed functions are still elements of C,?. They fulfill the same properties of transformation of
derivatives and multiplication by a power of x, the Parseval theorem and the convolution formulas.
The Riemann-Lebesgue Theorem instead fails: e.g.,

5y(€) = (2m)~N2e7®Y vy e RY, (4.1)

which does not vanish as |§| — +oo. In particular, ;5\0(5) = (2m)~N/2,

We do not go on along this line, since this is a particular case of a more general extension of the
Fourier transform that we are going to introduce.

Fourier transform in §. For any v € D, by Theorem u is holomorphic. If w € D then it has
compact support, so that w = 0, by the theorem of analytic continuation. By the inversion formula

(13.48]) then v = 0. In conclusion,
wu €D = u=0.

The Fourier transform thus does not map D to itself. This means that the set of frequencies of
the harmonic components of any non-identically vanishing u € D is unbounded. In other terms,
any nontrivial © € D has harmonic components of arbitrarily large frequencies. This induced
L. Schwartz to introduce the space of rapidly decreasing functions S, and to extend the Fourier
transform to this space and to its dual. Next we review the tenets of that theory. We shall operate
several identifications, and omit to display restrictions.

In order to construct an operator that acts and is invertible in the same space, we shall use a
procedure based on transposition. First, we shall restrict F to the space of rapidly decreasing
functions, §; F operates in this space, and is linear and continuous. By Proposition XXX, we can
identify &’ with a dense subset of D’. By transposition, we shall then extend F to an operator
acting in §’. Finally, we shall see that F operates in L?.

In S the Fourier transform fulfills all the properties that we saw in L'. Here we also have a
second convolution formula, (4.7)), which in general is meaningless for u,v € L.
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Proposition 4.1 (The restriction of ) F maps S to S, is continuous, and is invertible:

Fl=r inS. (4.2)
Moreover, for any u,v € S,
(i€)*1 = D2, (4.3)
Dgi = [(—iz)u] (4.4)
/ uvdr = / uvdx, (4.5)
RN RN

uxv € S, uxo = (20)N205  in S, (4.6)
wes, = 2r) N inS. (4.7)

The conjugate Fourier transform F fulfills analogous properties, with —i in place of i in (4.3))
and ([4.4).

Proof. The boundedness of F in S is easily checked by repeated use of the Leibniz rule, because the
space S is stable by multiplication by any polynomial and by application of any differential operator
(with constant coefficients). [Ex] |§| For u,v € S, the formulas (4.3)—(4.5) are just particular cases
of (3.31), (3:32), (B.43), since S C L'. As it is easily checked that uv, uxv, (uxv),Ux0 € S, the first

convolution formula (4.6) follows from (3.44)). By writing (3.44) with 4 and ¥ in place of u and v,
and with F in place of F, we have

F(axt) = 2m)V2F (@) F©) = (2m) " uv.

By applying F to both members of this equality, the second convolution formula (4.7) follows.
The final claim of the theorem is obvious. O

Fourier transform in S&’. Next we generalize the Fourier transform to S’ by extending the
Parseval Theorem This is reminiscent of how we generalized differentiation to D’ by extending
the formula of partial integration. Both procedures rest upon transposition of the operator, namely,
here the Fourier transform, and in Section [1| the differentiation.

Let us first define F7 : 8’ — &’ to be the transpose operator of Fls : S — S, that is:

(FTu,v) := (u, Fv) Vo e S,VuedS. (4.8)
The conjugate transform FTis similarly extended to &’ by transposition.

e Theorem 4.2 (i) The operator F™ : 8" — &' is linear, sequentially continuous, and is the unique
sequentially continuous extension of F to S'.
(ii) For any u € §’', denoting F™ by the hat (),

(i€)*@ = Dgu, (4.9)
& = [(—iz)*u] . (4.10)

28 S is the smallest space that contains D and has these properties. Indeed L. Schwartz designed S for use in the
Fourier theory.
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(111) For any u € 8" and any v € S,

(u,v) = (u,v) (extended Parseval formula), (4.11)
uxve S, axo=2n0)N?%5  in S, (4.12)
wes,  w=02r)N?*uxv inS. (4.13)

(iv) The operator F7 is invertible in 8" and (F7)~! = FT. _
(v) The operator FT fulfills properties analogous to those of F.

Proof. @ (i) By ,
(FTu,v) = (u, Fov) :/u(x) [Fv|(z) da :/[fu] (x)v(x)dx Yu,v € S. (4.14)

Thus F7|s = Fls. As S is sequentially dense in &', part (i) follows.
(ii) and are easily derived from the analogous statements for S via transposition.
For instance, we retrieve in & as follows, exchanging the role of the dual variables z and &.
Let us select any v = v(€) € S, and set v(z) := (21)~N/? Jen €7 %0(€) d¢. (3-32) is then replaced
by [(i€)*v] = (—Dz)*v. Via this formula, denoting F7(u) by u, we get

s (i) u, v)s = s (u, (i) v)s = s (u, [(i€) "] )s
=g <u, (—D)ai)\>3 = 3/<Dau,5}\>3 =g (@,’U)g Yu € S/,V’U €S.

(3.31)) is thus established.
(iii) As S is dense in &', (4.11)—(4.13) are also easily checked.
(iv) For any u € §', FT[F7"(u)] = u since

(FTIFT(w)],v) = (FT(u), Fv)) = (u, F[F(@)]) (u,v)  YveS. (4.15)

Similarly one can check that F7[F7(u)] = u. Thus (Fls)™' = Fls. _
(v) As S is sequentially dense in &’ part (v) follows from the analogous statement for F. O

On the basis of the latter theorem, henceforth we shall identify F7 with F, and FT with F.
For instance, setting e¢(z) = e %® for any &,z € RY,
by =2m) N, &) =M%, weRN (4.16)

So we retrieve (4.1). In particular, 8o = (2r) N2 and 1 = (27r)N/2<§E). The Riemann-Lebesgue
theorem thus fails in S’.
Next we provide a representation of F which is reminiscent of the principal value of Cauchy.

Proposition 4.3 For anyu € L NS,

loc

(27r)_N/2/ e Ty (z)de — U(€) inS', as R — +oo. (4.17)
]—R,R[N

29 As S is a dense subspace of &', one can also prove this result via regularization.
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Proof. Let us denote by xp the characteristic function of the N-dimensional interval | — R, R[V.
Note that uxr € L' and

xw)© = 2 [ e veeRY

It is easily checked that uxg — w in &’ s R — +o0o. The continuity of F in &’ then yields (4.17)).
O

Fourier-Laplace transform in £’. Next we extend the Fourier-Laplace transform to suitable
distributions. As for ¢ € CN \ RY the function e™**¢ is unbounded, here we just transform
compactly supported distributions, namely elements of £'. For any T € &', first we define this
transformed function on RY; afterwards in Theorem we extend it to a holomorphic function
defined on the whole CV.

Theorem 4.4 For any T € &',
T(&) =e(T, e e Ve RN (4.18)
* Partial proof. For any £ > 0, let us define the mollifier p. as in (2.31]), set
(T pe) (@) := (T, pe(z —-)) Vo eRY,

and note that T % p. € £ by (2.43)). It is easily checked that T x p. — T in &', hence also in §'.
Therefore
(Txpe) =T in §. (4.19)

On the other hand, as T % p. € € and [y pe(x) dz = 1, we have
[ @ p@dn = [ e e — ) do
RN RN
N / (Ty, e Ve 0V p (x — y)) da
RN
= (Ty, eié'y/ e @Y p(x — y) da) Ve e RN,
RN
The last equality can be justified by approximation and use of the Fubini theorem. Thus

(T # p) (&) = (Ty, e ¥)p(§)  VE RN, (4.20)

This is a holomorphic function of £. Since, as € — 0, p:(§) — Jp in the space of Borel measures on
RN, p.(¢) — 1 uniformly on any compact subset of RY. Therefore

(T % p) () = (T, e SN p(€) = (T, e €Yy inS.

By 1’ we then conclude that ’f(f) = (T,,e*Y) for any ¢ € R, and this function is holomor-
phic. O

By the Paley-Wiener Theorem the transform of compactly supported C*°-functions has a
holomorphic extension which decays algebraically as |Re(z)| — 400, and conversely. By the next
result the transform of any 7' € £ has at most algebraic growth, and conversely.

36



* Theorem 4.5 (Paley-Wiener-Schwartz) For any T' € S" and any R > 0, suppT C B(0, R)
iff F(T') can be extended to a holomorphic function T :CN - C such that

Im eNp,3C >0:V2e CV  |T(2)] < C(A + |2))meBMm@ ] (4.21)

Corollary 4.6 The null function is the only tempered distribution such that its support and that
of its Fourier transform are both limited (in R).

Proof. By the Paley-Wiener-Schwartz Theorem and by analytic continuation, if supp 7" is bounded
then supp Tisa proper subset of R only if T. The dual statement is proved by the same argument.
O

(The constant C' may depend on u and m.)
Fourier transform in L%. The operator F : S’ — S’ is the point of arrival of our extension of
the Fourier transform. Next we deal with the Fourier transform of Lebesgue spaces, and start from
L?. We show that (the restriction of) F maps L? to itself, and is an isometric isomorphism in this

space.

e Theorem 4.7 (Plancherel) For anyu € S', u € L? iff u € L2
More precisely, the restriction of F is an isometry in L?, with inverse F:

/ wo dx :/ uv dz, Gl 2 = |Ju|| L2 Yu,v € L?. (4.22)
RN RN
Moreover, [

F(uxr) = (27?)_N/2/ e~ ETy(x) dr — F(u) in L? Yu € L2 (4.23)
J-R,R[

Proof. Denoting the inverse Fourier transform by the tilde, it is easily checked that

F(F@)=F(F@)=0 Yoes. (4.24)

By the Parseval theorem, then

/ o dx -/ d:v—/ uv dx Yu,v € S.
RN RN

F|s is thus a surjective isometry for the L2-metric. As S C L? with continuous and dense injection,
the same holds for F ‘ 12 O

Remarks 4.8 (i) By (4.23), as R — +oo F(uxgr) — F(u) in measure on any bounded subset of
RY, hence also a.e. along a suitable sequence which may depend on u. But in general F(u) cannot
be represented as an integral.

(ii) We derived the Plancherel theorem from the Parseval theorem. Conversely the Parseval
theorem easily follows from the Plancherel theorem. O

30 This is reminiscent of the principal value of Cauchy.
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The formulas of Proposition the differentiation formulas and , the Parseval
formula and the convolutions formulas and hold for F in L? without any restriction.
The Riemann-Lebesgue theorem instead fails in L?; as a counterexample it suffices to consider any
u € L? which does not vanish at infinity, and not that v € F(L?).

Remark 4.9 * If an electric current of density u = u(t) € L? flows through a resistance R, it
dissipates the instantaneous power R|u(t)|* and the (total) energy R [ |u(t)[*dt. Let us assume
that R = 1. If u (# 0) is periodic of period 7" then its energy is infinite, and one defines the mean
power
1 (T2

P(t) = ~ / () dt. (4.25)
—-T/2
In Signal Theory one calls energy signal (power signal, resp.) a signal of finite energy (finite mean
power, resp.). Note that the mean power of a periodic signal vanishes whenever the energy is finite,
so it is of interest to deal with the mean power only if u ¢ L2.

The energy of an energy signal is thus distributed in time with energy density |u(t)|?. As by the
Plancherel theorem [, [u(t)[*dt = [, [u(€)[> d€, one can also regard the energy as distributed in
frequency with spectral density of energy |u(£)|?. Similarly, the power of a power signal is distributed
in time with power density |u(t)|?/T, and is distributed in frequency with power spectral density
[u(€)|?/T. This applies for instance to electromagnetic and mechanical (in particular acoustic)
signals.

By the Convolution Theorem, setting v_(t) = v(—t) for any ¢, one can easily see that

f/ = V2R (t)  Vue L2 (4.26)

Ry, is called the time autocorrelation function of the signal. O

* Fourier transform of the triple product L?. For any f,g,h € L?, let us define two types of
triple product:

(g% W) = f() / JWhiz —y)dy  qvr R,
(4.27)

[(f - g) * h)( /f —y)dy gvVz € R.

Both are elements of L?, and are different in general; thus this triple product is not associative.
The following formulas show that F transforms the first type into the second type, and vice versa:

Flf (g h) = @r) ™ N2fegeh=fx (G- h),

R R N (4.28)
FIf -9 xhl=@m)N2fg-h=(f+g)-h  Vfghel®
Fourier transform in LP for p € [1,2].
Lemma 4.10
Lfcr»+L" Vp,q,r € [1,400], withp < q <. (4.29)
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Proof. Setting x,, := 1 where |u| > 1 and x,, := 0 elsewhere, we have
uxy € LP, w(l—xu) €L, U = uxy +u(l = xu) Vu € LA 0 (4.30)

Theorem 4.11 (Hausdorff-Young) Let p € [1,2], and setp’ :==p/(p—1) ifp>1,p =0 if p=1.
Then (the restriction of) F is a linear and continuous operator LP — ¥, and

@l < lulle  Vue LP. (4.31)
Moreover, setting x, := 1 where |u| > 1 and x,, := 0 elsewhere,
F(u) = Fluxu) + Flu(l = xu)) € L+ L*  Vue LP. (4.32)

In this case F(u) thus is a regular distribution. Note that F(u) is nonexpansive, and for p > 1
need admit an integral representation. Anyway it can be written as a limit in LP, similarly to
(14.23).

Proof. The restriction of F : &’ — & maps L' to L>® and L? to L?, and is continuous in these
spaces. We may thus regard F as an operator L' + L? — L° + L?. The Riesz-Thorin Theorem

then entails the thesis. Finally, (4.30) yields (4.32)). O

Remarks 4.12 (i) This extended Fourier transform fulfills analogous properties to those of the
original transform, including the formulas of derivatives and multiplication by a power of x, the
Parseval theorem and the first convolution formula, But the Riemann-Lebesgue Theorem, and (for
p < 2) the second convolution formula fail in general.

(i) For any p € ]1,2], F : L? — L* is injective, because it is the restriction of F : 8’ — S’. But
F is not surjective. (We know that this fails for p = 1.)

(iii) For any p € ]1,2], F : L? — L” can be represented as a principal value.

(iv) For p € [1,2], the following scaling argument shows that F maps LP to L? with continuity
only if ¢ = p’. Therefore the Fourier transform cannot be further extended to a continuous operator
between Lebsgue spaces. Anyway, for any p € |2, +o0], F : LP — S’ is continuous.

Let u € LP be such that F(u) € LY. For any A > 0, setting uy(z) := u(Ax) for any z, by
we have F(uy) = )\_N}"(u)l/,\. Hence, for any u € S\ {0},

[ F(u)llze AfNH]:(“)l/AHLq _ \N(=1+1/g+1/p) [F (W) [ 20

= 4.33
Tuallz fuall fulls (439
and this is uniformly bounded w.r.t. X iff ¢ = p'. O
Proposition 4.13 For any p € [1,2] and any u € LP,
(27r)_N/2/ e Ty(z) de — U(€) in LP, as R — +o0. (4.34)
]_R7R[N

Therefore this integral also converges in measure on all bounded subsets of RY. As R — +oco
along a suitable sequence which may depend on wu, it then also converges a.e..

31 This is reminiscent of the principal value of Cauchy.
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Proof. By (4.32)) it suffices to prove (4.34) for p = 2. Let us set xg = x)_p g for any R > 0, and
notice that uxr € L' N L? and uxp — u in L? as R — +o0. By (4.22)) then

(QW)_N/2/} . e_if'xu(zr) dr = uxp — u in L2, O

* Fourier transform of periodic function.

(This part follows the lines of [Gilardi pp. 474-484])

We assume that N = 1, but this discussion could easily be extended to any dimensioon.
First we define the space of T-periodic distributions for any T > 0 :

Dr(R) = {u e D'(R) : (u, 0(- + T)) = (u, ¢),Yp € D'(R)}. (4.35)

The shift of a distribution is defined by transposition, so that u(- —T) = u iff (u, p(-+7T)) = (u, @)
for any ¢ € D'(R). This definition of periodic distributions thus extends that of periodic functions.
D/.(R) is a (sequentially) closed subspace of D'. By the Characterization Theorem it is easy
to check that any periodic distribution has finite order.
At variance with the nonperiodic setting, here we have the following result.

Proposition 4.14 Let T' > 0. Any T-periodic distribution is tempered, i.e., D(R) C S’. More-
over, for any sequence {v,} in Dir(R),

v, —v inD & v,—v inS. I (4.36)

See e.g. [Gilardi 474] for the proof.

The relation between Fourier transform and Fourier series is illustrated by the next result, by
which the frequencies of the harmonic components of a periodic distribution are confined to a
discrete set, which consists of multiples of a fundamental frequency. One then says that the
distribution has discrete spectrum.

* Theorem 4.15 (Fourier series in D’) Let u € 8’ and T > 0. Then:
(i) The following three statements are equivalent:

u € Dy, (4.37)
Haptrez CC:u= Zake%”m/T in D, (4.38)
kEeZ
Haptrez CC:u=V2r Z agOokr /T in D' (4.39)
keZ

(ii) The two-sided sequence {ay} is uniquely determined by u € Dy If moreover u € L _, then

U (T i Py —
ap = T/o e~ 22/ Ty (1) da (: TUX]O,T[(WWT/T)) Vk € Z. (4.40)
Proof. We just check the final equality: for any v € D/}, N Lll0C7
T T
1/ e 2hmiw /Ty (1) da Z ak/ e~ 2hmiz/T 2kmix/T o — g, Yh e Z. (4.41)
T Jo T Jo

kEZ
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(This series can be integrated term by term since u € S’.) O

The series in (4.38) and the ays are respectively called the Fourier series and the Fourier coeffi-
cients of u. Consistently with what we saw in the chapter devoted to Fourier series, the spectrum
u is often identified with the two-sided sequence {v/2may}.

Proposition 4.16 Let T > 0 and {ax} be a two-sided sequence in C.
The series ) ey are? ™= converges in D' (equivalently, in S') iff

IM,m>0:Vk€Z, |agl < MA+K™. ] (4.42)

* Theorem 4.17 (Fourier series in L?) Let u be any T-periodic distribution, and the two-sided

sequence {ar} be as in or . Then uljo, 7| € L*(0,T) iff {ar} € £2. In this case

lulorllF200) =T D larl® (= Tl{ax}|7)- (4.43)
keZ

Proof. For any u € D, N L ., by (4.38)

T
o rillZ20my = D @hak/ PEm/T oy = TN ™ Jag |, (4.44)
hkEZ 0 keZ
(This series can be integrated term by term since u € S’.) O

Remark 4.18 Any periodic distribution has discrete spectrum, but the converse may fail [Gilardi
484]. O

Overview of the extensions of the Fourier transform. The Fourier transform has
a natural extension for any complex Borel measure u. Loosely speaking, this is just defined by
replacing u(z)dz by dp in the definition ([3.10)).

By the Paley-Wiener theorem, D is not transformed to itself by the Fourier transform, so that F
cannot be extended by continuity to the whole D’. However, F maps the Schwartz space S to itself
continuously, so that F can be extended to &’ by transposition. F maps L? to itself isometrically
(Plancherel theorem). Moreover, by the Riesz-Thorin Theorem, F is also linear and continuous
from LP to LP/®=Y for any p € |1,2]; but this fails for p > 2.

Note: The Fourier transform is a nonsurjective homomorphism between the commutative algebras
(L', %) and (CP,-) (here “” stands for the product a.e.). By the Riemann-Lebesgue theorem, it is
easily checked that F (L) is a dense subalgebra of Cg. The Fourier transform is also an isomorphism
between the commutative algebras (S, ) and (S, ); cf. (4.6), (4.7).

5 Fourier Transform and Ordinary Differential Equations

Let m be a positive integer, ag, ..., am € C (a, # 0), f : R — C be a given function, and consider
the ODE P

P(D)u(t) =Y anD"u(t) = f(t) teR. (5.1)
n=0

32 On account of typical applications of this theory, here it is natural to interpret the independent variable z as
time.
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Solutions in L%. If we confine ourselves to functions, it is convenient to assume that f € L2. We
then search for a solution v € L? having distributional derivatives up to order m also in L?. For the
moment we assume this regularity for u, and shall check it a posteriori. By applying the Fourier
transform to both members of , we see that the ODE is equivalent to the algebraic equation

dan(i&ru=Ff VEeR. (5.2)
n=0
Here it is crucial to assume that no root of the polynomial is purely imaginary, i.e.,
(P(i€) =) Y anli€)" #0  VEER, (5.3)
n=0

so that the ODE can equivalently we rewritten as

~

_f©
P(i)

By (5.3), 1/P(i€) is asymptotic to 1/(am,|£|™) as |{] — +o00. As here N = 1, it is easy to see that

u(&) for a.e. £ € R. (5.4)

1/P(i€) € L Vp € |1, +o0] (p =1 included if m > 1). (5.5)

As f € L2, we infer that f(ﬁ) /P(i€) € L?. By applying the inverse Fourier transform F=F1
(5.1) is then equivalent to

w= F(@) = ﬁ(}fé%) _ ﬁ(P(lig) - A(g)) ac. in R. (5.6)

Note that uw € L2, which is the condition that we assumed at the beginning and had to check.
Because of the second convolution formula ([4.7), that we know to hold also in L2, ([5.6) then also

reads o \/12?]?<P(1i€)> CF () = \/12?]7—(]3(1%)) s f in R. (5.7)

As F(1/P(i€)) € L*, we infer that u € L2,
We have thus proved the following statement.

Proposition 5.1 Let ag,...,am € C (aym #0, m > 1), and f € L% If (5.3) holds, then (5.7)) is
the only solution of the ODE (5.1)) in L?.

Remarks 5.2 (i) Here we set the equation on the whole R, without boundary conditions. In this
case the L2-integrability of u replaces the boundary conditions, so that the solution does not include
any constant. E

(i) If P(i€) = 0 for some & € RV, then the above procedure does not apply. In this case the
homogeneous equation P(D)w = 0 can be studied in &', instead of L2

As P(zg) = 0, there exist an integer n < m and a polynomial ) such that

QUE) #0,  P(if) = (£ -€)"Q(i€)  VEeRN. (5-8)

33 This may be understood by recalling that D is dense in L?...
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The homogeneous ODE then has the solutions w;(t) = t7=1e=%t for j = 1,...,n. For instance,
the equation D2u + a?u = 0 is transformed to P(i€)u(&) = (—€2 + a2)u(€) = 0. As P(i€) = 0 iff
E = =+a, this homogenous equation has then a two dimensional space of solutions in &, with basis
Ui(.T) — eﬂ:iaa:'

In order to find the general solution of the nonhomogeneous ODE P(D)w = 0, it is then necessary
to find a particular solution of this equation. This can be obtained via the classical method of
variation of parameters, but we do not address this issue here.

(iii) In the argument above we transformed the source term f, but the final formula (5.7) is
expressed just in terms of the original function f. Anyway, in some cases it may be convenient to
antitransform f(£)/P(i€), as in (5-6).

(iv) The above procedure can be extended to PDEs of the form

P(D)u := Z ao D% = f e RN (5.9)

lal<m

with constant complex coefficients a,, provided that P(i&) # 0 for all ¢ € RN and m > N/2, so
that 1/P(i¢) € L?. (This is easily checked, since this function is asymptotic to |£|™™ as |¢| — +00).

(v) Here we set the equation in the whole R. Dealing with time evolution, Cauchy problems are
especially relevant for applications, and will be studied via Laplace transform in the next chapter.
O

Time-invariant systems. The differential equation can be addressed from the point of view
of system theory. Let us interpret the solution u (that here we assume unique) as the response of
a linear system characterized by the mapping L : f — u. As the coefficients do not depend on x,
this operator is invariant for time shifts: that is, for any h € R, setting 7,0 = v(- + h), if u = Lf
then 7,u = L(75,f). One then says that the system is time-invariant.

Next let us go beyond functions, assume that f,u € &', and set h = Ldy, which is tantamount to
Yoo anDh = &p. If is fulfilled, as J¢ is compactly supported we can mimic the derivation

of (5.7). This yields
1 =~ 1 1 =~ 1

The function h = Ly of is called the impulsive response in time (or in space, according to the
meaning of the independent variable ). The function F(h) = [v/27P(i€)]~! is accordingly called
the impulsive response in frequency (or just the response function),

For any f € &, we then rewrite the solution v € S’ of the equation in the form

wu=hxf or,in frequency, u =1V 27Thf: f . (5.11)
P(ig)
1 is then also called the transfer function of the system (factor /27 apart).
Thus it suffices to know h (or equivalently h) to evaluate the response to any admissible input.
In other terms, the impulsive response characterizes the system.

Remarks 5.3 (i) In the theory of linear differential equations a distribution E € D’ such that
P(D)E = ¢y is called a fundamental solution of that equation. This entails that

Ex[P(D)ul =u Yue€éf&, PD)Exfl=f Vfe&. (5.12)
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A classical result states that any differential operator with constant coefficients P(D) # 0 has a
fundamental solution.

This is not the unique solution in D’, since this space prescribes no (either explicit or implicit)
restriction on the behaviour at infinity.

(ii) The polynomial P(n) (with n € CV) is an element of &', and is called the characteristic
polynomial of the operator P(D). For ¢ € RY the polynomial P(i€) is also called the symbol of
that operator.

* Distributional solutions. Because of the fundamental theorem of algebra, the characteristic
equation

Q) = P(i€) = 3" anli€)" = 0
n=0

has exactly m (possibly repeated) complex roots. Let us denote by {&; : j = 1,...,¢} the distinct
complex roots, and by r; the multiplicity of §; for any j; thus £ < m and r1 + ... + 7, = m. Notice
these &;’s need not be real. Therefore

l
P(ig) = am [ J (i€ —ig)7 Ve eC,

J=1

whence

¢
P(D) = ay, | [(D — i) £
j=1
As
(D — &) (th1eity = 0 for k=1,..,7;, 5 =1,...,,
the roots {&; : j = 1,..., £} are associated to a linearly independent family of m solutions:
ujp(t) = th et (k=11 j=1,..,0)
of the homogeneous differential equation Y ", ap,D™u(t) = 0. Thus
ER = wjp,.,uj, €8
! ’ 1 for j=1,..,10. (5.13)
§j ¢R = U1y eeny Ujpr, GD/\S/

We shall distinguish two cases:
(i) If P(i€) # 0 for any ¢ € R, then defining the function h as in (5.10)) we conclude that
h = F(1/P(i€))/v/27 is the unique fundamental solution of (5.1) in &';

(5.14)
hence u = h * f of (5.1)) is the unique solution in §',Vf € §'.

(ii) If instead P(zg) = 0 for some §~ € R, then each of these roots corresponds to a solution
u(z) = e € S’ of the homogeneous equation (5.1). In this case we are not able to reproduce the
above procedure, but one can show that there exists a solution in u € &', |§| and

the fundamental solution is not unique in S’;

5.15
hence the solution of (5.1]) also fails to be unique in §',\Vf € §'. ( )

34 Here 1€; stands for i€;1, where I is the identity operator, and the product represents the composition product.
35 This is a deep theorem of Hérmander.
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Examples. Let us fix any £ > 0 and consider two differential equations
u— k2 = f(t), u+ k2 = f(t). (5.16)
These equations are respectively associated to the operators
Pi(D):=1-k*D?  Py(D):=1+k*D? (I: operatore identita),
which in turn correspond to the characteristic polynomials
Pi(i§) =1+ K€ Py(i€) =1-k*¢  (£€R).

The hypothesis is satisfied by Pi(i§), but not by P»(i§). The previous analysis may thus
be applied just to the first equation, which therefore has a unique solution in &’. For the second
equation it is more appropriate to address the initial-value problem rather than the problem on the
whole R, and to use the Laplace transform, as we shall see in the next chapter. This mathematical
aspect also reflects problems that typically arise in engineering applications.

This discussion can be extended to systems of linear ODEs. The extension to linear evolutionary
PDEs with constant coefficients is more complex.

6 Rescaled Fourier Transform

Change in notation. Let us reconsider the definition of Fourier transform:

u(é) == (2m)~N/? /R N u(z)e ®Cdr Ve e RN vue L, (6.1)

with inverse transform (under suitable restrictions)

u(x) == (2m) N2 /RN u()e*rd¢  va e RV, (6.2)

Dealing with Time-Frequency Analysis, Signal Processing, and several other applications of the
Fourier theory, it is customary to rescale this transform as follows:

a(s) = / e 2Ty (x)de  VE e RN, Vue L, (6.3)
RN
with inverse transform (under the known restrictions)

u(x) = /RN XTIy (€) dE vz e RY, (6.4)

Henceforth we shall use this definition. For N = 1, here z is time, and £ is number of cycles for
unit time.

Rescaled formulas. Some relevant formulas are then rescaled as follows.
v() =u(r—y) = B(E)=eTVAE)  VyeRY, (6.5)

v(e) = T M(z) = TE) =uE—-n) VpeRY, (6.6)
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w,Dlue L' = (2m)lea= Deu e L™ N cv, 6.7
T

uw,z®ue L' = D= (-2mi)zou e L®nC. (6.8)
uxv € &, uxv =10 (€ &), (6.9)
w € 8, w = uxv (€ §') (6.10)

The Parseval and Plancherel formula are unchanged.
For instance,

0y(6) = ™MV ey =6, (¢) Wy eRY. (6.11)
In particular, (% —land1= (%. Moreover,
v(z) = e — () = e TP, (6.12)
* Shift and modulation. We redefine the shift and modulation operators T, M, of (3.34]) as
follows:
(Tyu)(z) = u(z —y), (Myu)(x) = ™%y () Ve, y,n € RV, Vu: R — C. (6.13)
This entails the following commutation relation:
T,M, = e ™Y M, T,  Vy,neRY. (6.14)

Thus T, M, = M, T, ift n-y € Z.
The Fourier transform exchanges the roles of the operators Ty, M,: (6.7) and yield

Tju=M_,u VyeRY vuell (6.15)
Mju=Ta VneRN vuelL (6.16)

A modulation in time thus corresponds to a shift in frequency. Hence
(TyMyu) = M_,Tyi (= e 2™YT, M_,a)  Vy,neR". (6.17)

That is,
Fly=M_,F, FM,=1T,F, FIL,M,=M_T,F. (6.18)

* Differentiation and multiplication. Theorem is here rescaled as follows: for any multi-
index o € NV,

w,DSue L' = (2mi€)*0 = (D%u) € CY, (6.19)
w,ru € L = Dgu = [(—2miz)*u] € CY. (6.20)
Here we redefine the multiplication operators (3.34)),

(Xu)(z) = 2mizu(x), (Zu) (&) = 2miku(§), vz, & e RN Vu e L, (6.21)

so that (6.19) and (6.20) read

w,Ddu e} = E° = (D%)ecCy, (6.22)
w,z®u € L' = D= [(—X)*| €Cy. (6.23)



Remark 6.1 * X and —D are proportional to the infinitesimal generators of the modulation and
shift semigroups, respectively:

De¢(Mgu =2miXu,  Dy(Tyu)| ~Du  Yue L' (6.24)

) ‘g:o y=0

These semigroups are therefore mutually dual. O

The transform of the Gaussian function is here rescaled as follows, for any a > 0:

ug(z) = a~N/2emle/al? VzeRY =

2
Ua(€) = a2l e e RV, (6:29)

Thus u, = ug iff a = 1.

* Proposition 6.2 (Gaussians) For any a > 0, the set {T,M¢u, : z,& € R} is dense in L?. []

7 The Poisson summation formula

(In this section we define the Fourier transform as in (6.3)).)

Periodization. For any T > 0, let us set
up(x) = Z u(z + kT (z Z u(x — k:T)) Vz e RY Vu e L. (7.1)
kezZN kezZN

This function is T-periodic in each coordinate direction. We shall call it the T'-periodized function
of w.

Remark 7.1 Given a function v : [0, T[V— C, let us set v = v in [0, T[N and ¥ = 0 in R\ [0, T["V.
Then vp is the periodic extension of v, which we may identify with v itself. Notice however that
the respective domains are R and [0, T[V. O

Lemma 7.2 For any u € L' and any function g € L™ that is T-periodic in each coordinate
direction,

/u(m)g(m) dx = /]OT[N ur(z)g(z) dz, (7.2)

lurllLioryy < llullpy  with equality if u(-) € R and has constant sign. (7.3)

By setting Pru = ur|joqrv, a linear and continuous operator Pr : L' w LY0,T)N is thus
defined.

If u is real and has constant sign, then loosely speaking the restriction of the periodization
compresses the total mass of u to a period. Otherwise, some compensation occurs and the total
mass is reduced.
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Proof. By a simple change of integration variable and as g(- + kT") = g, we have

/ z)de = Z/ u(x + kT)g(x + kT)] dz

kezZN
= (asug € Ll /OT kZZ:N u(z + kT)g(z + kT)] dx (7.4)
— /}O,T[N ( Z u(x + kT))g(l’) dr = /]O,T[N up(z)g(x) dz.

kezN

By selecting g = sign(ur), we have

furliony = [ wr@g)de = [t de < ol

)

with equality if u has constant sign. O

Theorem 7.3 (Poisson’s summation formula) Let T > 0. If u € L', then

([Prul(z) =) Z u(x + kT) T~ Z (k/T)e*mik=/T for a.e. x €10, T[N. (7.5)

kezN kezZN

Dually, if u € L', then

([Pryral(§) =) D> A +k/T) =T > w(kT)e >™H+<T for a.e. £€]0,1/T[N.  (7.6)

keZN kezN

Both series converge in L' (0, T)N and L'(0,1/T)N, respectively. Moreover,

1 > .
Z 5kT = TiN Z 5k/T m Sl. (77)

kezZN kezN

In particular, (7.5)) and (7.6)) hold for any u € S.
By (7.5)), the Fourier coefficients of the periodized function are proportional to the values of the

Fourier transform at the integer multiples of 1/7.

Proof. (i) By Lemma ur = Pru € LY(0,T)", so that we can develop this function in Fourier
series:

= Z cpe?mike/T for a.e. 2 €0, T[V,
kezZN

1 / —2mik-x/T
Ck = — urlx)e dx 7.8
TN 0T ( ) ( )

3 1 . 1
2 / u(@)e 2T d = Ja(k/T) ke V.
RN

(Note that u(k/T) is meaningful since @ € Cp.) This yields (7.5)).
(7.6)) is similarly proved via the dual argument.
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For any u € S, selecting = 0 in (7.5]), we have
1 ~
> (kD) = 7N > ak/T). (7.9)

kezZN kezZN
Hence, recalling the Parseval theorem,

(3 Sy = 3 ulT) = iy S AK/T) = 2 (S G = g d Y G, (7.00)

kezN kezZN kezN kezN keZN
(7.7) is thus established. a

Remark 7.4 Ifu € L' and limsupy,_, ;o |u(z)||2|* < 400 for some d > N, then Y-, c,n [U(k/T)| <
+00 Thus the series ([7.5) converges everywhere absolutely. A dual statements holds for the dual
series. O

Dirac calculus. For the sake of simplicity, here we assume T = 1. However, this can easily be
extended to any period 7" > 0. We define the Dirac comb (or pulse train):

s= > & <_ > 5k> €S (7.11)

kezZN kezZN

Thus reads
s(t)y=3(t) =Y dp= Y & inS (7.12)
kezN kezZN
The periodization can be represented as follows in terms of s: for any u € S,

(wes)(x) = Y (u(w—-),6-4) = Y u(z+k)=[Pul(z) for a.e. z € R. (7.13)
kezZN kezZN
We also introduce the sample function (with step 1)
u(z)-s(x) = Z(u, O) = Z (u(k), o) Vz € R,Vu € C°. (7.14)
keZ kezZN
This definition can easily be extended to any step T" > 0.
Thus, denoting the sample operator by Q;,
Pr:S = ENL :urs uks, Q1:8—8 1 urs us. (7.15)

By the next two formulas the Fourier transform establishes a duality relation between periodiza-
tion and sampling. In the engineering literature these formulas are known as exchange relations.

Theorem 7.5 (Ezchange)

U*s = Us Yu € S, (7.16)
US = uxs Yu € S. (7.17)

Proof. The convolution formulas and ((7.12)) yield

U*s = Us = us, US = U*S = U*S. O

Remark 7.6 By this result F transforms the periodized function of u to the sample function of u,
and vice versa transforms the sample function of u to the periodized function of @. In other terms,

FoPi=QoF:8§—=S, FoQi=PioF:S—ENL. (7.18)

The Dirac comb, periodization, sampling and the exchange relations provide a calculus.
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8 The Sampling theorem

(In this section we define the Fourier transform as in (6.3)).)
Let us define the space of L2-functions with spectrum of bounded support, i.e., band-limited
signals of finite energy:

BL*(—Fy, Fy) == {u € L*(R) : u(¢) = 0, V¢ & [~ Fy, Fyl} VFy > 0. (8.19)

This a Hilbert subspace of L?(R). By the Paley-Wiener Theorem, any function u € BL*(—Fy, Fp)
is holomorphic, hence it is supported on the whole R (if u # 0).

For the sake of simplicity, here we assume N = 1, although this theory can be extended to any
finite dimension.

The famous Sampling Theorem provides a formula for reconstructing a signal u € BL?(—Fy, Fp)
from its sample values, whenever the sampling frequency is larger than a certain threshold. This
result was due to Whittaker, and is often ascribed to Kotelnikov, Nyquist and Shannon (see e.g.
[Higgins 1984]).

As a first step towards that result, we show how @ can be reconstructed by a sequence of sample
values of u, provided that the sampling frequency is not too small. We shall then complete the
proof by antitransforming this formula.

Proposition 8.1 Let Fy > 0. For any u € BL*(—Fy, Fy) and any T < 1/(2F),

u(§) = TZu(kT)e_ka'fT for a.e. £ €10,1/T1. (8.20)
kEZ

Proof. Let us set F'=1/(2T) (> Fy). As u € L? and 4 is supported in [—Fp, Fp),
Popll = U|_p| € L*(—F, F).
This function can thus be developed in Fourier series: by ((7.8)),

u(g) = Zake_zmkg for a.e. £ €]0,1/T7,
kEZ

ap =T / Porti(€)e?™ kT d¢ (8.21)
o1/
@ / AT g = Tu(kT)  VkeZ. D
R

For any T' > 0, let us define the rectangle function of width T, recr, and the cardinal sinus
function, sinc:

recp = X[fT/2,T/2] in R, (8.22)

sin(mt)

sinc ¢ := vt € R\ {0}, sinc 0 := 1. (8.23)
Thus recp(t) = H(t —T/2) — H(t +T/2) (H= Heaviside function).
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1.5

o
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Graph of the function sinc (cardinal sinus).

The function sinc is continuous, bounded and even. Moreover,

sinc 0 =1,

Flreer))(€) = /

~T/2

sincn=0 VneZ)\{0}, (8.24)
T/2

e gt = T'sinc (T¢) V€€ R. (8.25)

Note that sinc ¢ L', since it is the Fourier transform of a discontinuous function. As T — 400,
rect — 1in &’. Hence

F(rect) = Tsinc (T-) — F(1) = do in S as T — +o0.
Theorem 8.2 (Sampling theorem) Let Fy > 0. For any u € BL*(—Fy, Fy),

u(t)

> u(kT)sinc (t/T —k) ¥t € RVT < 1/(2F). (8.26)
keZ

This series converges in L>(R) and pointwise everywhere.

The series of (8.26)) is called the cardinal series, and is the discrete-time Fourier transform (DTFT)
of the sample sequence {u(kT)}kez.

In passing note that (8.26]) clearly holds if ¢/T" € Z, because of (§8.24]). Moreover, for instance for
T =1, (8.26)) can be rewritten as u = (u s)x*sinc, by (7.14) and (8.24)).

* Proof. Let us fix any F' > Fy. By Proposition

a(g) — Zakefzm'kg/@F) c [/2(_}77 F), (827)
kEZ

a = %u(kz/@F)) vk € Z. (8.28)
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As T = Urec o, denoting the conjugate Fourier transform by F, we then have

ul(t) = [Farecor))(t) B2 37 ap[F(e 27k P rec ,p(£))] (1)

keZ

= Z ag[F rec ar ()t — k/(2F)) Z ai2F sinc (—2Ft + k) (8.29)

kEZ kEZ
S u(k/(2F))sine (—2Ft + k) Ve R
keZ

As sinc (—2Ft + k) = sinc (2Ft — k), setting T' = 1/(2F) we get (8.26)).
As u € L? and is holomorphic, the series (8.26)) converges in L?(R) and pointwise everywhere. O

Corollary 8.3 For any u € BL?>(—Fy, Fy) and any T < 1/(2F),

/ t)dt =T u(kT), (8.30)

keZ
/ lu(t)? dt = / a()Pdg =T |u(kT). (8.31)
keZ
Proof. By ,
/ sinc (t/T — k) dt = T/ sinc 7 dr = T[F(sinc)](0) = Trec1(0) = T. (8.32)
R R

(8.30) then follows by integrating (8.26]).

As we saw in the proof of the Sampling Theorem, & can be developed in Fourier series, and its
coefficients are as in (8.28]). By the Plancherel Theorem we then get

/|u ()2 dt = /|u |2d§—TZ|ak|2 TS TP O

keZ keZ

Corollary 8.4 For any T > 0, {sinc (t/T —k)}rez is an orthogonal family of functions of L?, with
/ Isinc (t/T — K)2dt =T Wk eZ (8.33)
R

This family generates the space BL?(—Fy, Fy) for any Fy > 1/(2T).

Proof. For any t € R and any k € Z, let us set vi(t) = sinc(¢/T — k), and note that 0 =
(1/T) rec 1 (€)e=2™kE/T  Therefore

/R v (t)vg,

(t)dt :/th(g) 1 (6) de = /T/2 p2mihE/T 2mk£/Td§

T ifh=k
|l o ifh#£k

The final statement of the thesis stems from the Sampling Theorem. O

(8.34)
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Remarks 8.5 (i) For a sampling frequency 1/7 < 1/(2Fp) (so-called undersampling), the formula
does not reconstruct accurately the signal w. In Signal Processing this distortion is known
as aliasing. A typical example occurs in movies. If the frequency of rotation of the wheels of a
car is larger than the sampling rate of the camera, in the movie the rotating wheels may appear as
steady or even turning backward.

On the other hand, a sampling frequency 1/T > 1/(2F;) (so-called oversampling) does not
improve the reconstruction , which is already perfect.

(ii) The results of this section can be extended to any number of dimensions. O

9 The Uncertainty Principle

(In this section we define the Fourier transform as in (6.3).)

Fourier analysis describes quantities as functions either of z € R or of the dual variable ¢ € RY,
establishing a net distinction between space- and spectral-representations. For N = 1, in Signal
Analysis these variables typically represent time and frequency. Whenever the inversion theorem
applies, u(z) and u(§) are equivalent representations of the same entity. Nevertheless, without
operating the transform, it is may be hard to derive qualitative properties of u(z) from those of
u(§), and conversely.

Time-Frequency Analysis instead combines information on u(x) with that on u(§). The Heisen-
berg uncertainty principle is a fundamental result of this theory. Its several variants put severe
limitations: it is impossible to provide a precise representation of any phenomenon both in time
and frequency. Instantaneous frequency and time concentration cannot be derived from a real
signal.

Doppler theorem. We start by an example. (3.26]) yields the following scaling formula, which is
also called the Doppler theorem:

vo(x) = a N ?u(z/a) = Tu(€) = a™?0(al) Va > 0,Yu € L'. (9.1)
By this scaling and because F is an isometry in L%, we get
loallzz = llullz2 = g2 = [Fall 2~ Va > 0.
In particular, by taking the Gaussians functions as u by (2m)~V /2 we have
va(z) = aNe /AP G () = a2 %P e > 0. (9.2)

As fe*|y|2 dy = 7V/2, we infer that ||va||z2 = ||Tal|2 = 7N/? for any a > 0.

In either case, by varying a the more the graph of v, is spread the more that of v, is concentrated,
and conversely. (This stems from the occurrence of the product & - x in the definition of the Fourier
transform.) Next we state a more general result. Although here we take N = 1, this is easily
extended to any V.

Theorem 9.1 (Heisenberg’s uncertainty principle) Let w € L*(R), and set E := |[ul|3(= [[al|7.).
Let us assume that the densities of probability |u|?>/E and |u|*/E respectively have finite mean

mi, mo and finite variance o3,05:
1 1
my = — /$|u|2(x) dz, ol = — /(m —mq)?|u)?(z) dz, (9.3)
E E
1

/@—mﬁ@ﬁ@%- (9.4)



Then
o109 > (4n)7 L. (9.5)

For any a > 0, equality holds if u(z) = va(x) = aN/2e=lx/al*
Proof. Without loss of generality, we can assume that m; = ms = 0; thus
VEoi = |zul2,  VEos = ||€T| 2. (9.6)

Let us first assume that « € D. By the differentiation formulas and by L2-isometry,
1 [P ds = [ ©F at = [0 de < +oc. 97)
Notice that
N . = d 2
2Re [ zu(x)v/(x)dx = x{u(x)u (x) + u(:):)u’(:):)} dx = x%]u(:c)] dx

= lim_alu(z)? —llullfz = ~llullf2 = - F,

A—+oo

T
bS

——A
and

e [ wu(e)u @) da] < oula 2 2xut) |22 €06 12

These two formulas entail that 47109 > 1 for all u € D. As D is dense in L2, (9.5) follows. The
final statement about Gaussian functions can be checked by direct computation. O

2nEo109.

Remark 9.2 The standard deviations o7 and o9 can be regarded as crude measures respectively
of the duration and of the bandwidth of the signal u = u(z). This somehow generalizes the concept
of support of a signal in time- and frequency, respectively. m O

Heisenberg boxes. The Uncertainty Principle may loosely be interpreted as follows in the time-
frequency (t,&)-plane. It essentially prevents v and u from being both small outside small sets of
the respective time and frequency domains. In other terms, the mass of both v and % cannot be
concentrated in sets of small N-dimensional volume.

Let us represent the time-frequency resolution of a signal u € L? by a rectangular box centered
at the point (z,£) = (m1, ma), having width o1 (o2, resp.) along the z-axis (the £-axis, resp.).
This is called a Heisenberg boz. By the Heisenberg inequality oio9 > (47)~!. Thus the sharper is
the information we have on time localization of a phenomenon (i.e., the smaller is o7), the rougher
is the information we may get on its frequency (i.e., the larger is o2), and conversely. In this sense,
time resolution and frequency resolution mutually compete.

The family of Gaussian functions u,(x) = a—N/2g=alzl* parameterized by a > 0, is an L*-
example. By inspecting , we already pointed out that the spreading of the graph of u, is
inversely proportional to that of .

Passing to the limit in S’ as a — 0, a~N/2¢=alel* _, /7y in 8’ which exactly specifies the time
location of the signal. Its Fourier transform is the constant /7, which is supported over the whole R,

36 Consistently with the applicative literature, here by support of a function f we mean to the region in which
most of the mass of the function is concentrated. This rather loose concept is different from that used in analysis,
and can be formulated in several ways; for instance, the support if f may be defined as the region where |f| is larger
than some prescribed (small) constant. Of course this is not related to the definition of support that we used so far.
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and thus is completely unlocalized in frequency. Similarly, for any zo € R, a=/ 2¢—ale—aol® _, LI
in S’ as a — 0. Its Fourier transform is the sinusoid @(¢) = /me~2™%%0  which is completely
unlocalized in frequency.

Dually, for any xg, the Dirac measure u = ¢, is an exact frequency specification. Its Fourier
antitransform is the sinusoid u(t) = e**%0  which is completely unlocalized in time.

Note that this discussion of Gaussians applies to any a > 0, but not to this limit case a = 0,
since the Dirac measures and the sinusoids are not elements of L?.

37 This theory also has musical applications; for instance, the sinusoid may represent a pure musical tone.
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